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PREFACE 


The trend of pure mathematics in our time is towards the understanding 
of structure, and at the same time mathematics users are laying great 
emphasis on linear algebra. The Mathematics in Education and Industry 
Project has accordingly emphasised a structura] approach to linear al- 
gebra while at the same time showing how the techniques of this subject 
are applied, especially in geometry of three dimensions and in the 
solution of simultaneous linear equations. 

The course aims to cover the linear algebra and geometry of the 
M.E.I. pure mathematics syllabus (and, a fortiori, of the syllabus in 
combined subject mathematics) as well as to show the basis of the 
numerical techniques which are applied to linear equations. It also 
covers the linear algebra of G.C.E. special papers and of open scholar- 
ships; but it does not aim to cover the matrix techniques used in 
transformation geometry at this level. 

We are well aware that in breaking new ground at sixth-form level 
we may have dug somewhat unevenly, and that there is much to learn 
about the teaching and testing of this material, but it is hoped that this 
course will help to meet the needs of those who, like the authors, are 
engaged in developing it. 

We wish to thank all those who in the short time available between 
trial version and proofs were able to give us the benefit of their 
comments, notably Mr P. D. Croome. 


January 1967 H.N., A. J. M. 
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PART I 
chapter 1 
WHAT IS AN ALGEBRA? 


The reader will certainly have met the word algebra, e.g. as a member 
of the trio ‘arithmetic, algebra and geometry’; and the phrases ‘Boolean 
algebra’ and ‘the algebra of sets’ may also be familiar. The full impli- 
cation of these terms may not, however, be appreciated, viz. that there 
are algebras, in the plural. They must of course have a common char- 
acter which makes the name applicable to them all. It is the aim of this 
chapter to bring out what this character is. 

One might perhaps expect that what they have in common is the 
subject-matter: they might all deal with number, but in different ways. 
This would, however, be far from the case, as we shall show by con- 
sidering as our first example the algebra of sets. For this purpose we 
assume that the reader understands the concept of a set, how to repre- 
sent sets by Venn diagrams, and the meaning of background set, subset, 
null set, union and intersection. For a full treatment see Moakes: The 
Core of Mathematics (Macmillan). 


In the algebra of sets the background set (or concourse or ‘universal’ 
set) is written &. Sets A, B, etc., are subsets of &.7 

If we select just A and B for consideration, we can immediately 
derive from them a further set, also in &, which is written ‘A © B’, and 
is called the intersection of A and B. It is represented by the shaded 
area in the diagram. 


Fic. 1 


+ Including & itself and the null set @ as possibilities. 
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It should be noted that the above diagram illustrates one case only: 
in particular, if the procedure is always to give us a set of &, then we 
must have the null set @ defined and understand it to be a subset of &. 
This figure illustrates a situation in which AMC = @: 

Ε 


Fic, 2 


With the above proviso, the intersection procedure always gives us 
a set of δ᾽, whatever the original pair we choose; but notice that it does 
not necessarily give a mew set, as a further diagram shows: 


ξ 


Fic. 3 


For this case A m D = D; and it will be seen that many other sets, 
taken in place of A, would give the same result, including € and Ὁ 
itself, i.e. DAD =D. 

The above is an example of an algebra: it has all the distinguishing 
marks as we shall see, but it is clear that (a) it involves no reference at 
all to numbers, and (δ) we do not have to know what the sets are com- 
posed of—the sets are simply the units (the algebra’s elements) with 
which we happen to be dealing. 


Let us now look again for comparison at the familiar algebra in which 
our elements are the real numbers. (We assume that the reader is 
sufficiently clear about the nature of this term, embracing all the follow- 
ing and others similar: —2, 3, 0, —74, z, J 39: the whole collection 
being denoted by the symbol R.) If a, b represent any two of R, then 
the symbol ‘+’ is understood in the expression ‘a+’ as giving us an 
element of R. If we wish to operate further in this way we either give 
a letter to this new number or enclose it in brackets to emphasise its 
single character: (a+ 6). 


} Bertrand Russell was being quite literal when he said that ‘in pure mathematics 
we do not know what we are talking about’, 
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So we can, for example, form a new number if desired by combination 
with x, writing the new number x+(a+). 

We have stated the above procedure with some care because, as the 
reader is aware, the combination ‘+’ is far from typical. When we 
use the sign ‘—’, a failure to carry out the correct procedure will give 
a false result: in fact at the very start even the order of the letters a, b 
in the combination is relevant, giving different results for (a—b), (b—a). 
The algebra derived from the ‘—’ sign is non-commutative. 

In case the reader is tempted to suppose that the algebra of sets is 
less rich that that of numbers (with its four signs +, —, x, +), we 
give now two further examples of set-combinations. These and others 
will be developed in the student’s exercises. 

(i) (A—B) is defined as the set formed of all those members of A 
which do not belong to B, for example: 


Fic. 4 


The reader should verify that in general A—B αὶ B—A and that it 
is possible for A—B to be @ without A = B. 

(ii) A U Bis the familiar union of two sets. It is clearly commutative, 

i.c. AUB and BUA describe the same set. 


A further example of an algebra is that of statements. This takes simple 
sentences as its elements and combines them by using one or other of 
certain link-words, e.g. and, or. An example will be found in exer- 
cise la (question 7). 

Summarising, we see that an algebra deals with a stated collection 
of entities (sets, numbers, sentences in our three examples), which are 
called its elements. There must also be a clear and unambiguous ru/e 
of combination, a process which from any pair of elements will give us 
another element. (Sometimes there might be more than one law of 
combination, but this would be a bonus.) Thirdly, the element obtained 
in this way must be one of the original elements, a provision which is 
called closure. The following example will make these requirements 
clear. It refers to the same set of elements but under three different 
laws of combination. 
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Consider the set of the (unlimited) lines in a plane. Any two lines 
a and b of this set are taken: 

(i) a°b is defined as the point of intersection of the lines. 

First, there may be no point—lines may be parallel—but even when 
it exists it is not a member of the original set, which consisted of lines. 
Closure is not secured, and we have not therefore an algebra. 

(ii) a? b is a line bisecting the angle between a, ὃ. If a and b meet 
we get fwo lines and there is nothing to tell us which one to take. (We 
also need a definition to cover the cases when they are parallel or 
coincident.) It is not an algebra, yet. 

(iii) a Τ δ is a line defined thus, with the help of an axis Ox: 

(a) If a//b, a T bis // to both and equidistant. 

(δὴ) Otherwise a T b is the angle-bisector which has positive or zero 
gradient with respect to Ox. This is an algebra, not an important one, 
but it serves to show that the test is how it works and not what its 
subject-matter is. 


EXERCISE la 


(1) For members of the set R of real numbers we define a * b = πὸ 
This may be described as the ‘split-the-difference’ operation. Examine 
whether this situation satisfies the criteria for an algebra, viz. 

(i) to have a known set of elements: 

(ii) to have a combination rule defined for any pair of these elements 

(including an element combining with itself); 

(iii) that the result of the combination is also a member of the set. 
(2) Test the truth or falsity of the following statements in the algebra 
of question (1). It is important to note that one case only, chosen to 
be as simple as possible, can show a statement to be false: but only a 
general argument can demonstrate the truth of a proposition: 

(i) a*b=bxa (ii) (axb)*c=axe(b*c) (iii)axa=a 
(3) Which of the following are algebras? Give reasons. 

(i) The set of prime numbers under rule ‘ x’ (multiplication). 

(ii) The set of positive integers; under combination 0, where m 0 ἢ 

is the L.C.M. of m and n. 

(iii) The set of numbers of the form m+n,/3, where m and n are 

positive integers; under multiplication. 


15 
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(iv) The set {0, 1, 2} under: 
(a) the rule of multiplication ‘modulo 3’, i.e. from all products > 3, 
3 is to be subtracted as many times as possible and the re- 
mainder taken as the answer. For example, 2 x2 = | (mod- 
ulo 3). 
(b) the rule a * b = ./a xb modulo 3. 
(4) Consider the set of all points in a plane. Which of the following 
are algebras? 

(i) A * B is the point where the straight line terminated by A and B 

cuts a fixed line / in the plane. 

(ii) As (i), but the line through AB is unlimited in length. 

(iii) A°B is the midpoint of AB. 

(iv) A.B is the point N such that B is midpoint of AN. 

Test in each case whether the combination is commutative, and in 
cases (iii), (iv), whether a rule of the type (A°B)°C = A°(B°C) is true. 
(5) A, B, C are any sets, visualised as regions within a rectangle δ᾽ in 
a Venn diagram. (AB) is defined as the set of all members of & 
which are neither in A nor in B. 

(ἢ) Sketch An B and Bz A in various cases. 

(ii) For a suitable case sketch both (An B)nC and An(BnC). 

(iii) Simplify An @, An é&, An A. (There must in each case be an 

unambiguous answer, true for all figures, if this is in fact an 
algebra.) 
(6) Simplify: 

(i) A-@ (ii) A-A (iii) AU@W, AVA, AVE 

(vt) AN@, ANA, AN@ (ὦ) (Α ὦ Β)-Β (vi) (AU B)—B 
(7) The connective OR used between statements is understood to mean 
‘this’ or ‘that’ or both: it is written shortly as v. The statement p is 
“5:1. Paul’s Cathedral is in London’ and ῳ is ‘President Johnson is in 
London’. (The former is true and the latter may or may not be true.) 
Is the statement p Vv q (a) necessarily true; (6) necessarily false; (c) pos- 
sibly true and possibly false? 

Examine also the statements: 

p and q (also written p A q) 
not-p A not-g 
(p A q) Vv r where r is the statement “black is white’. 


We have stated the basic properties which constitute an algebra in the 
broad sense in which we are using the term in this book. If it is an 
interesting and valuable algebra it will certainly have extra properties, 
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and the varieties of algebra arising in this way have special names: one 
type, for example, is called a group. 

One feature which we look for is whether there is an element in our 
set which has a special property not shared by others; e.g. in the algebra 
of sets under intersection, it is uniquely true of & (which, it will be 
recalled, is an element of the algebra) that in combination with any 
set X of the system we have & ἢ X = Χ. 

Compare, for numbers under addition, the property uniquely held by 
zero, that 0+. = x. (Notice that since both systems are commutative 
we do not have to inquire whether the unique element in question has 
this property also when placed afterwards.) 

An element which has the property just described is called the identity 
element or neutral element of the system. It must be emphasised that 
the element must act in this way when combined with any element of 
the set (and whether placed in front or behind). 


EXERCISE Ib 


(1) Show that @ is an identity element for sets combined by union ‘VU’, 
but NoT for sets combined by ‘—’. 
(2) What is the identity element for numbers combined under multi- 
plication? Is the same element an identity for division? 
(3) Show that there is no identity element for sets under ἢ, where 
AnB = {members of & which are in neither A nor B}. 
(4) The combination A A B for sets A and B is defined as the union of 
A-—B and B—A, i.e. it consists of all members of & which are in A but 
not in B together with those which are in B but not in A. (It is read as 
‘delta’ and called symmetric difference.) Sketch A AB for various 
cases and show that @ is an identity element. 

Test whether AA(BAC) = (AAB)AC. 


A further important property which an algebra may have is that each 
member may be linked in some obvious way with an ‘opposite number’. 
For example, in the algebra of statements each statement has a negation 
‘not-p’ (and the negation of not-p is p again). In the algebra of sets the 
set A has as an opposite the set (δ᾽ — A) of all the other members of ὅ: 
it is called the complement of A and written A’. 


+ The definition requires it to be unique but we are not asking the reader to 
prove this. 
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In important cases the combination of an element and its ‘opposite’ 
gives a unique element which we have already met, the neutral or identity 
element for this combination; if so our vaguely-defined ‘opposite’ 
acquires an official status and is called an inverse. An important 
example is among numbers with combination ‘+’: the inverse of x is 
(—x), the number with reverse sign, because x +(—x) = 0 the identity 
element for the ‘+’ combination. 

It is important to note that there is no suggestion of another law 
(subtraction) in the use of (—x): all the real numbers are signed num- 
bers and our symbol indicates sign reversal; e.g. if x is 2 it becomes —2, 
called negative 2, and vice versa. 


EXERCISE Ic 


(1) Consider the numbers {0, 2, 4, 6, 8} with combination @, addition 
modulo 10; the units figure only is retained after addition, e.g.6 (Ὁ ὃ = 
4. Is there an identity element in this system? 

Solve the equations (i) 2 (Ὁ x = 0, (ii) y Ὁ 4 = 0. 

Suggest an ‘opposite’ for 4; is it the inverse for this rule of combina- 
tion? That is, does 4 (Ὁ (opposite of 4) equal the identity? 
(2) Consider the same numbers as in question 1 under @ defined as 
multiplication modulo 10, e.g. 8 @ 4 = 2. By making a full multipli- 
cation table show that there is an identity element for this system, but 
not an inverse for every element. 
(3) Show that any non-zero number a has an inverse under multipli- 
cation, i.e. that axa’ = i = a’ xa where i is the appropriate identity 
element. What is 7? 
(4) A signifies ‘symmetric difference’ of sets, e.g. ἃ ΔΒ is shown 
shaded in the figure. It is defined in exercise 1b, question 4. 


(a) Find a member I of the system, i.e. a set I in &, such that for 
every set X it is true that X AI = X and I AX = X. Give a name to 
this element. 
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(δὴ) For any member Y of the system, try to obtain a member Z such 
that Y AZ = I. If such a Z exists, what is its relation to Y called? 
(5) Show by sketches, which should cover different types of pattern, that 

(i) AN(BAC)=(ANB)NC (ii) AU(BUC) =(AUB)UC 

When a relation of this sort is found to hold in general, the system 
is said to be associative. 

(6) Consider the set {1, 3, 7, 9} under multiplication modulo 10. Have 
all the elements inverses? Is the system associative? 

(7) Show that & is the neutral element for sets under intersection. Show 
that if A’ is defined in the usual way (as the complement of A) then A is 
the complement of A’, but that they are not inverses under intersection: 
1.6. Am A’ # &, the neutral or identity element for this law of com- 
bination. 

(8) In each of the following examples there is a set of elements and a 
well-defined law of combination. Consider in each case whether there 
is (i) closure, (ii) a neutral element, (iii) a unique inverse for each 
element, (iv) commutativity, (v) associativity. 

(a) The set of integers, positive and negative and zero, with the law 
axb = a+b+42. 

(b) The set of positive integers with zero, under the law a ~ b = 
| a—b |, the numerical difference. 

(c) The set of positive integers, under the law ao ὁ = ,/a? +b’. 

(d) The set of real numbers, under the law aob = «(αὐ +b’, 

(9) Four elements a, b, c, d are subject to a ‘multiplication table’ 


Ὡ Ὁ SS 
oso Ako 


where the ‘product’ xy of two elements x and y is that element which 
lies in the row through x and the column through y. (For example, 
cd = a,b? = d, where b? is written for the product bb.) Prove that 
each of the four elements satisfies the relation x* = x, where x? means 
x(x’). 

Verify that the associative law x(yz) = (xy)z does not always hold, 
giving two instances of the failure. 
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A ‘product’ of the elements a, ῥ, c,d (in that order) is formed by 
successively multiplying two elements at a time: for example, in the 
sequences indicated by the groupings [{(ab)c}d] or [(ab)(cd)], the 
order of the letters being unchanged. Find the values of all such 
‘products’. (Camb. Schol. 1964.) 

(10) Objects...<—2>, <—1, <0, <1>, <2), ... are given. Two ob- 
jects <p> and <q> are equal if p—g is a multiple of 4. Prove that: 

(i) <p> = <q) and <q> = <r) imply that <q¢> = <p> and <p> = <r); 

(ji) each <p> is equal to a member of the set S consisting of <0), 

<1), (2) and <3). 
The product <p> * <g> is defined as <p+q+1 >. Prove that: 
(iii) (Cp) * <g>) * Cr) = <p> * (XQ * <1); 
(iv) there is a member E of 5. such that, for every p, <p>) *E = 
E * (p> = <p); 

(v) every member <p> of S has an inverse <p)>~*, also a member of 
S, such that <p> κα <p>"! = <p>7! * <p> = E. 

Complete the multiplication table below: 


| (0) (1) (2) 3) 


{0) 

<I> 

(2) 

<3) 
Evaluate: 


(<1) * (2)~*) (2) * (3) and <1) # {¢27") # (<2) « {17}. 
(Camb. Schol. 1964) 


2, 


Γ 
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chapter 2 
THE PURE ALGEBRA OF VECTORS 


The word vector comes from physics. The physicist distinguishes on 
one hand quantities which only need a number to specify them fully, 
and on the other hand quantities which need direction as well. The 
first are called scalar quantities and include temperature; the second 
include quantities like magnetic field strength, and could be called 
directed quantities. 

A simple example of a directed quantity is movement (displacement), 
e.g. 2 miles in a north-westerly direction. (This is clearly not the same 
as a movement of 2 miles in a north-easterly direction.) A simple piece 
of practical geometry shows that we can add displacements, The two 
displacements we have mentioned, carried out in succession, give us a 
northerly displacement, of an amount that can be either measured or 
calculated. 


Sum of the two displacements 


Fic. 6 (== 2.83 miles due North) 


Directed quantities which can be added in this simple way are called 
vector quantities. Another example of such a quantity is velocity, and 
there are many more in physics and mathematics. 


When you learned to use numbers of various sorts, as part of pure 
mathematics, you found that they could be applied in various ways to 
solve problems in science or in everyday life—but of course only in 
connection with scalar quantities (e.g. a volume of 104 gallons, a tem- 
perature of —10-1°C). 

We shall now develop the mathematics of vectors—as distinct from 
vector quantities. Like numbers they are completely abstract things; 
but inevitably we wish to give them a visual embodiment. Just as we 


r 


= 
+ 
— -- -ἰ,- 
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picture the real numbers along a line, so it is useful to see vectors as 
displacements, at first in a plane and later in three dimensions. Such 
pictures will help us and will generate ideas, but for definition and for 
rigorous proof we shall invariably use algebraic methods. For this 
purpose we shall assume all the properties of one algebra, that of real 
numbers (and when required, subsets such as the integers or the 
rationals), 
EXERCISE 2a 


(1) An expedition leaves its base, and its movements on successive days 
are reckoned to be (i) 21 miles on a bearing 080°, (ii) 18 miles on a 
bearing 115°. Find by drawing or calculation (a) their final bearing 
and distance from the base, and (ὁ) how far east and how far north or 
south of it they are. 

(2) A man who can row at 4 m.p.h. in still water is rowing steadily, 
heading due north in a tide which is running westwards at 3 m.p.h. In 
which direction is he actually travelling and how far will he go in 4 hour? 
(3) If the man in question 2 wishes to travel due north, in which direc- 
tion should he head his boat, and how fast will he travel? 

(4) A journey in desert country consists of the following stages: 40 
miles due east, 52 miles north-east, and 12 miles on a bearing 337° 
(i.e. N 23° W). Find (a) by drawing to scale, the bearing and distance 
of the end-point from the starting-point; and (6) by calculation, the 
easterly and northerly components of the total displacement. Hence 
check the accuracy of your drawing. 

(5) An aircraft heads in a direction 300° at an airspeed of 500 knots. 
Find its true velocity in magnitude and direction if the wind is 50 knots 
from the S.W. 

(6) With the same airspeed and wind velocity as in question 5, the pilot 
wishes to fly due south. In which direction must he head his aircraft? 
(Give your result to the nearest degree.) What will be his speed over 
the ground? 


Algebraic definition of a vector 
We shall define a vector of (for example) order 3 as a set of three real 
numbers arranged in order; e.g. in a row, as (5 —4, 24), or ina column, 


3 
as | 7 | ; subject to a law of additionin which corresponding numbers 
—| ay δ᾽ | ay +b, 
are added together, viz. | a, | + | bs | = | a,+b, |. 
ay, δ. ay +b, 
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There is no limit to the order of a vector, and in many instances in 
computing the machine is dealing with vectors of order 100 or more: 
the law of addition is of the same character, whatever the order. 

We shall not at present use two ways of writing vectors; we shall 
restrict ourselves to the column method except in a few instances 
where this would be too cumbersome. 

The separate numbers which make up a vector are called its com- 
ponents. 

3-vectors (1.6. vectors of order 3) may be pictured as displacements 
in space: the first number could represent movement eastward, the 
second northward and the third upward. The whole vector represents 
the whole movement, but by virtue of the addition law we can regard 
it as built up as shown in the diagram, in which the displacement OR 


4 
(i.e. from O to R) represents the vector | 3 
64 
z-direction 
4 (UPWARDS) 
| 
| z y-direction 
RA | E (NORTH) 
Fic. 7 | 6: “ (6; 
| | ee 
61! | a 
2 ἘῚ οἷ 
| Qee nnn ns 0 
| 


Fe aR a, «tye τὼ x-direction 
/EAST) 


In the diagram the movement OP (O to P) or any movement equal 
4 
and parallel to it, is a picture of the vector | 0 | for which we shall use 
0 
then οἱ ate pe roe 
the single symbol a. Similarly PQ (or OQ' or Κ΄ ἈΚ) is | 3 | =b (say), 
0 
= =a πα πὰ 0 —<—<—. 4 
and OR (or OR’ and O'R’)is{| Ὁ | =e. AlsoOR =| 3 |, the vector 
64 64 
sum of the three.t 


7 In writing we put a curly line under vector symbols, as a, 0). 
— 


— 
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Notice that for vectors, addition is commutative, e.g. a+b and b+a 
| 4 
are both equal to | 3 |. See what this means on the diagram. 
0 


Also, the addition is associative, i.e. (a+b)+¢ = a+(b+c). 

The reader should identify each of the four vectors in this equation 
with an appropriate displacement. 

It should be noted that here and elsewhere we always draw our set 
of 3 axes in the same way, described as right-handed, The test for this 
is the corkscrew rule. The handle, turned through 90° from the x-axis 
to the y-axis, drives the point of the corkscrew in the direction Oz. 


We appear now to have set up an algebra in which the elements are 
3-vectors and the rule of composition is known as addition. It appears 
obvious that the result of ‘adding’ two 3-vectors is always a 3-vector: 
but is this always true? Consider the case in 2-vectors: 


(3.0. -Ὁ 


Our rule of closure breaks down unless we are prepared to count the 
result as a vector (although in geometry it has no direction)—an instance 
where a geometrical definition would have let us down: the algebra is 
more precise. A suitable single symbol for this zero vector is 0, to 
distinguish it clearly from the number zero. The context will make clear 
whether the symbol means the zero 2-vector, as here, or the zero 
3-vector. 

To simplify diagrams we shall continue to discuss 2-vectors, to show 
addition properties of such an algebra. 


First, oon +- (5) = "ἡ or δ84:1τὉῦ - ἃ. 
ἔπ. 


This shows that the zero is an identity element (and it is clearly 
unique). 


Secondly, our example above, viz. on “+ wee = μοὶ clearly 
shows that we have inverses in this algebra: the two vectors on the left 


are inverses of each other under vector addition. If we write( 7 =u 


14 VECTORS, MATRICES AND LINEAR EQUATIONS 


| . {--.4 ed Je ἜΗΙ 
it seems natural to write ( 4 as (~—u), read as ‘negative uw’. In 


ay —ay 
general, and for 3-vectors, ifais | a, | then —a is — a 
a, — iy, 


EXERCISE 2b 


(1) ec and d are 2-vectors. Show on a diagram how to form e+d and 
c+(—d) geometrically; and show that the sum of these is equal to the 
sum of ὁ and itself. (Remember that ¢ can be shown in a variety of 
positions.) What geometrical theorem does the result suggest? 

(2) Write down in column form the zero-vector 0 in the system of 
3-vectors. Calculate the sum s of a and b where 


fe — 8:2 
a= [ 211} and b= 0 : 
0 3:7 


and give also the vector s’ which is the inverse of 5. 

Verify that a and (b+s’) are also inverses. 
(3) Show with the help of a sketch that addition of displacement vec- 
tors is associative, i.e. that (p+q)+r = p+(q+r). 
(Note: In the bookwork we have only shown this for a set of vectors 
parallel to the axes.) 
(4) Give two reasons why a sum of money expressed in pounds, shil- 
lings and pence cannot be regarded as a vector, although addition is 
clearly defined. 


Matching: an exercise in logic 
In many situations one is concerned with matching, e.g. to get correct 
colour and texture of woollen thread for mending, or to get an efficient 
substitute for a blown radio valve. We are concerned that the item 
should be the same as the original in certain essential respects though 
not necessarily in all. This notion is important in algebra, being called 
equivalence, the criterion for things to be equivalent being defined 
afresh in every instance. We shall continue to use the word ‘match’ 
instead of ‘be equivalent to’. These are the essentials for the word 
to make sense: 

(i) An item must match itself. 

(ii) If item x matches item y, then y matches x. 

(iii) If x matches y and y matches z, then x matches z. 


2.5 
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The reader should try this out in some mathematical contexts. Here 
is a worked example: 

Suppose that two positive integers ‘match’ if their difference is zero 
or a multiple of 5. Using the symbol =, we see at once that 

(ἢ m=m. 


(ii) m=n implies n=m 6.0.2 Ξ57 => 7 =2. 


p. 


By virtue of this, we only need {0, 1, 2, 3,4} when working modulo 
5. because we have here a ‘match’ for every integer there is. 


il I 


ll 


on MEN —— 
(iii) ᾿ πῆρ implies mm 


Matching problems 


(a) Show that being brother to someone is not a matching: being of 
the same blood-group is. 

(5) In a set of terminated, directed lines in a plane, show that ‘being 
perpendicular to’ is not a matching, but “being parallel to’ is, provided 
you deal in a special way with item (i). Is ‘being of the same length’, 
leaving direction out of account, a matching? Is ‘being parallel and 
the same length’ a matching? (If it is so, then as in our example a 
single symbol such as a could be used for a whole mass of equal and 
parallel directed lines: technically it is called a representative of a whole 
equivalence class of displacements in the plane which are equal and 
parallel to each other.) 

(c) In a set of triangles, is ‘having a side in common with’ an equi- 
valence? Is ‘being similar to’ an equivalence? 


Vectors in algebra and directed lengths in geometry 


In the light of the idea of matching (equivalence) we see that all the 
directed lines in space which are equal and parallel to each other (in 
the same sense) form an equivalence class. When we use an algebraic 
symbol such as a, it stands for the whole class at once—though we may 
fasten our attention for the moment on only one, in a geometrical 
diagram. 

When we think what the equation a+b = c means in geometry, we 
have the whole of space filled with directed lines being added together. 
We readily see that the lines which form the sums will also form an 
equivalence class, so that there is justification for writing the symbol ς 
to represent them all. This logical tidying-up process is discussed again 
in a note after chapter 8. 


23, 


= 


chapter 3 
VECTORS MULTIPLIED BY NUMBERS 


It seems natural when faced with a+a to write it on a simple counting 
principle as 2a, and similarly with any number of vectors, In particular, 


2:1 { 2] 4:2 . | eee oT 2-1 
1) + [3 = { could also be written as “ = 2( 71) 


By extension we should also write {| 2-1] = 8] , or in general, 


-1 
taking ἃ 3-vector for our next example: 


ay ka, | 
ΚΙ a,|= | ka, | where k, like a,, a, and a3, is any real number. 
a3 ka, 
(See section 6.4 for a further rigorous discussion of this step.) 

Two important special cases occur: first, any vector multiplied by 
(the number) zero gives the zero vector; and secondly, 


a, —a; 
(—1)a = (-- Ὁ Ε - ἢ -δΣ 


a3 —ay3 


which we have already met and written as —a, the inverse of a. That 
this result seems trivial is due to its likeness in appearance to one in 
the algebra of numbers. It is in fact telling us the meaning of multi- 
plying a vector by (—1), viz. a reversal of its direction, to give its 
inverse. 

From this point onwards we can carry out without fuss a process 
with vectors which we may if we wish call subtraction, but we have no 
need to regard it as a new combination-method: we form the inverse 
of the vector and add it. We may however without confusion write a 
result such as b+(—a) in the form b—a by analogy with arithmetic. 
Figure 8 gives a useful example. 
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We can see a number of results on this diagram. Displacement 
OP = PQ = a, so that: 

[b+(—a)]+a =OP=b _ 
[b+(—a)]+2a = b+a = 00. 

Both results would perhaps have looked more familiar if we had 
written b+(—a) as b—a. Notice also that (b+a)+(b—a) = 2b = OR, 
where R is the fourth vertex of the parallelogram OQRQ’, a reminder 
of the parallelogram construction so often used for vector quantities 
in mechanics. 

It should be noted that when once we suppose that line segments can 
be treated in this vectorial way, a whole complex of congruency results 
(triangle and parallelogram theorems) of Euclidean geometry flows 
from it; e.g. defining P as the midpoint of QQ’ and of OR it follows 
that OR ( = —a+hb) is equal and parallel to OQ’. 


EXERCISE 3a (Geometrical) 


(1) 


Fic. 9 


0 
In the figure, P is the midpoint of LN and LM is equal and parallel 
to ON in the same sense. Prove that P is the midpoint of OM. 
(Hint: Choose algebraic symbols for OP, LP.) 
(2) Writing OA = a and OB = b, which of the following forms are 
correct for AB? 
b—a; a+(—b); —b+a; b+(—a); —a+b 


18 VECTORS, MATRICES AND LINEAR EQUATIONS 
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— - A 

(3) Given OP = 4 0A and OO = 4 OB, write PO in terms of ἃ ἀπά band 

hence show that PO // AB. What is the relation of their magnitudes? 
(This example indicates how the similarity section of Euclid’s geo- 

metry flows from the assumptions about vectors with which this chap- 

ter began.) 

(4) O, A, B, C are points in space not in the same plane. With O as 

origin the positions of A, B, C are given by the 3-vectors OA =a, 

OB=b, OC =c. Describe the positions of the points given by 

$(m+c), 2m+4e where m=}(a+b). 

(5) A regular hexagon ABCDEF has centre O. OA = aand OC =e. 

Express in terms of a and 6: (i) all the diagonals drawn from 4A, 

(ii) EB, CF, and the join of the midpoint of AF to the midpoint of CD. 


2 Implicit in the previous work, but necessary to emphasise, is that two 


vectors cannot be equal unless a// their separate component numbers 


are equal; e.g. suppose we are given that 4 [ἢ + (5) = (") 


Pied a ies ΡῬὴ (p+2 
The left-hand side = 3 +(2 -( > } 


| 2+p\_ [9 both that 2+p = 0 
Then ( 2 )=(5) ὡ airy 2 = ἃ. 
The reader who reflects on this situation will realise that the two 
statements on the right also imply the one on the /eft and we may 
write < also, or combine the signs thus: 


2+p\_ [Ὁ 2+p=0 
( 2 }=() aeray 


We have seen that fwo facts are being told to us by a single equation 
of the form: (3) x+ ¥ y= He 

(The multipliers x+y have been written after the vectors, but simply 
for the reason that the next line would otherwise look strange: it is 
optional whether the multiplier is written fore or aft.) 

These two facts, when we have brought them to light, should be 
enough to determine the values of x and y required to make it a true 
statement (i.e. to find the solution of the equation). Let us proceed. 
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Ax ci 5 
(2:) μ (25) i ἢ 
4x+3y = 5 
 \ and 2x—2y = —8 


<> xX = —!| and yp = 3. 


cre: -1(5) +3(_3) = (=$#2) =(_2) 


Let us illustrate the check on a diagram, naming the given vectors 


a, band c; e.g. a = 5 


4} 


Fic. 11 


: 

The result is shown by either OP+PR = OR or 00: OR = OR. 

It is important to notice a further point, viz. we could have used a 
geometrical construction to get the multipliers (—1) and 3, not merely 
to check them. , 

Thus: 


Draw a, b and ς as shown. 
Through R draw parallels to a and b, to meet the lines OA and OB, 
produced as necessary, at P and Q, and complete the parallelogram. 


Then measure off OA into OP (once backwards) and OB into OO 
(3 times). 
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EXERCISE 3b (Logical and algebraic) 
(1) Find three other examples in which a single statement implies two 
statements. One might be: 
Edward and Mary are the king and queen. 

Edward is the king. 

Mary is the queen. 
This example is reversible: which of yours are also? 
(2) In each of the following vector equations, find, where possible, the 
values to be given to x, γ. 


@ (7)+(_#)=(3 ωὴ (ἢ - »( 3) 
ΑΝ 


ἜΣ ἐρῶν 
Ι | ; i . 
-=-4-4--l----AH 
| I | | 1 
i | | I | 
so Salas as ita Santa 
| | 
Ι | 


Copy the above diagram on graph paper. 

Mark on the paper two distinct directed lines which represent p—q, 
one which gives q—p, one for p+4q, and one for 4(p—q). 

Express all the above vectors in the form Aa+jb where A, p are 
numbers, Also express a,b each in the form /p+mq where /, m are 
numbers. 

Check your results by writing a = (5) = ΕΣ 
(4) Take a piece of graph paper and mark the points A(1, 0) B(3, 1) 
C(5, —2) DG, —3). 

(a) What is the vector AB? Call this vector a. 

(b) What is the vector BC? Call this vector b. 

To the rest of this question give answers in terms of a and b, and not 
in component form: SE δυάδος Meee at 

(c) What vectors are AD, BC, DC, BA, CB, AC, CA? 

If E is the point of intersection of the diagonals of the quadrilateral, 
what are AE, EC, BE, ED? 
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3.3. Worked examples from mechanics 


(a2) When a man travels at 10 m.p.h. due north, he notices that the 
wind appears to come from the east with a speed of 10 m.p.h. Find the 
true speed and direction of the wind. 

An appeal to books on mechanics will tell us that if v is the velocity 
of the man relative to the ground, and V is the velocity of the wind 
relative to the ground, then the velocity of the wind as observed by the 
man is V—y. 

In this question we know v and (V—y), and we have to find V; 
clearly we have only to add the two vectors which we know: 

= (V—v)+Vv. North 

Putting numbers into the figure H 
we immediately see that the velo- 
city of the wind is approximately 
14-1 m.p.h. blowing from the 


¥ V 
south-east. 
Fic. 14 ~-—+>East 
γον 
We might also have solved this question by taking axes east and 
north so that v = Ξ , V-V= Rigs 
10 
Hence v+(V—y) =( _ * = V and the result follows quickly once 


again. However it is not usually an advantage to use vector components 
with this type of problem—it is better to use the sine or cosine formula 
in the vector diagram formed as shown. 

(b) A weight of 10 lb weight is supported by two strings, one inclined 
at 45° and one at 60° to the vertical. Find the sizes of the tensions. In 
this instance the three vectors, T,, T, and 10 Ibf downwards, must be 
in equilibrium, 1.6. have resultant (sum-vector) 0, 

| 


Fic. 15 Diagram showing situation Fic. 16 Vector Diagram 
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The directions of T, and T, are defined in the situation diagram, and 
the vectors themselves (with sum zero) are shown in the second diagram. 
The fact that the sum is zero is of course the well-known triangle 
of forces result. 

ΜῈ iyjccp He ekg d Hs 
sin 75° sin 45° 5ἰη 60° 

<= T, = 7:16 lbf 
and T, = 8:76 lbf. 

It is important to note that a vector can only represent the magnitude 
and direction of a force: the force itself has also a point of application. 
(The three forces in the above example were all applied at the same 
point.) 

The reader who studies mechanics by vector methods will find each 
force defined by two vectors, (i) a position vector r to specify the point 
of application and (ii) F to give its magnitude and direction. Two forces 
given by r,, Εἰ and r2, F, are equivalent (in rigid-body mechanics) if 
and only if F; = F, and r,—r, is parallel to F, and F;. 


We now use the sine formula 


EXERCISE 3¢ 
(including mechanics and other applications) 


(1) A ship steaming at 30 knots (1.6. 30 nautical miles per hour) on a 
course of 060° reports a submarine to be due north of it, remaining due 
north and closing its distance at a rate of 10 knots. 

Express the following velocities as 2-vectors using easterly and 
northerly components: 

(i) the velocity u of the ship; (ii) the velocity v of the submarine as 
seen from the ship as origin; (iii) the true velocity of the submarine. 
Give also an expression for the third in terms of u and vy. 

Supposing the submarine to be rising towards the surface at a rate 
of 1 knot, state all the velocities suitably as 3-vectors. What is the 
actual speed of the submarine? 

(2) A man is cycling due north with a velocity of 10 m.p.h., into a wind 
which is blowing from the north with a velocity of 15 m.p.h. With 
what velocity does the cyclist observe the wind to be blowing? The 
wind now veers so that it blows from the east with the same speed: 
what velocity does it now have according to the cyclist? Between which 
directions may a wind of this strength blow so that the cyclist can say 
that the wind is behind him? (See worked example if necessary.) 

(3) A distant star is in the plane of the orbit of the earth (E) about the 
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sun (S). The velocity v of E is 18 miles per second in a direction per- 
pendicular to ES, and the light of the star approaches E with true 
velocity V equal to 180,000 miles per second exactly in direction ES. 


[ 
Fic, 17 


light of star-———» ὁ ° 
E S 

Show that the apparent direction of the light will differ from the true 

direction by about 1 of a minute of arc and show on a diagram which 

way the error will be. 


(4) The figure shows, in plan, a 
120-ft mast with foot at M and 
cables fastened to points A, B, C 
on the ground. The cables, which 
may be treated as straight, run to 
the top T of the mast. 


TC referred to west, north and downward as axes. 

(iii) State also as vectors the tensions P, Q, R in the cables TA, TB, 
TC, given that the vertical component of P is 1200 lb and that the 
vector sum P-+Q-+R is vertical (as would be so in still air). 

(Hints: (a) If two vectors a,b have the same direction then a = kb. 
(b) The equality of two 3-vectors implies three numerical equations.) 
(5) The make-up of every food can be expressed as a vector, the first 
three components being grams of edible protein, fat and carbohydrate, 
and the fourth the calories of energy produced, in every case for 500 g 
of the food. Typical vectors (written as rows for convenience) are: 

Meat m = (100, 140, 0, 1900) 

Bread b = (30, 0, 240, 1230) 

Eggs e = (60, 50, 6, 830) 

Cheese ς = (140, 180, 12, 2550) 

Butter ‘t = (0, 450, 0, 4500) 

Sugar s = (0, 0, 500, 2250) 
and a man’s daily requirement is r = (90, 90, 480, 3500). 
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Suggest a basic diet for a man if he eats no cheese, but exactly 50 g 
butter and 250 g of sugar per day. He will not eat more than 500 g of 
bread, or more than 250 g of meat. 

We suppose that other dietary needs—minerals and vitamins—are 

met. (Hint: Disregard the calorie figures, which will tally if the others 
do. Suggest why.) 
(6) In mental testing, a pupil’s results in a ‘battery’ of 3 tests is called 
his ‘test profile’. It can be written ς = (c,, ¢2, 63); it may be regarded 
as a vector since it is claimed that it is the sum of two parts a, b, these 
being the portions of his score assignable to his general ability and to 
his special (verbal) ability respectively. For a revised battery his profile 
dis said to give a 50% greater score to his general and 50% less (than 
before) to his special ability. Express d in terms of a and b. What 
would be his profile on the mean of the two batteries (test 1 being 
combined with test 1 and so on)? 

In what proportion should ς and ἃ be combined, if the result is to 
be proportional to a+4b? 

(7) A recent model of car has a rear window which slopes at an angle 
of 100° backwards from the direction of travel. 


Direction of travel 
.-  -νΝνΝ. 
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When the car is travelling at 30 m.p.h. and rain is falling at 30° to 
the vertical, what is the smallest velocity that the rain may have in order 
to wet the back window? 


chapter 4 
VECTORS AND LINEAR EQUATIONS 


We have mentioned that computers are often concerned with vectors 
of great size. These may, for example, be stock-holding vectors, giving 
the numbers in stock of each of a standard series of items: 


(253 18). 81. 27,1... 


There is no doubt that this satisfies our definition: if a new order, 
cast in the form of a similar vector, is delivered to this depot, the sum 
(formed in the defined way) represents the new stock. 

In technology, however, the large vectors which occur are more often 
made up of the coefficients of equations. We have considered a simple 
case of this in exercise 3c, question 5, and we shall now carry the matter 
further, remembering that we normally expect a unique solution, i.e. a 
single set of solutions for the unknowns x, y, etc. 

We shall consider first a very simple case—two linear equations in 
two unknowns, 1.6. 

axtbhy=cy 
a,Xx+bzy = ὁ 


involving six 
coefficients. 


The coefficients of x form our first vector, (2") which we write 
2 


2 


shortly as a: similarly (7) = b and (<:) =c¢. Then we can restate ~ 
2 
our given equations: 
axtbhy=cy { σε γος, [δι 
a,x+bzy = a oF ἴῳ (ἃ δ ἐν C4 
<> ax+by = c. 


We shall proceed to solve a numerical example. 


Solve the equation ax+by = c, 


om σ( ἢ τ ἢ ἡ (9) 


" 
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In full for an elementary algebraic solution, we have: 
3x—6y = 10] 
—xX+2y= 4{. 

To eliminate x, add three times the second equation to the first. The 
reader is warned against solving such equations by substitution from 
one such equation into the other. It is not incorrect, of course, but in 
all but the very simplest cases it is clumsy and very liable to error. In 
practical examples with non-integral coefficients it is never done. 

We find y disappears as well, and the result is 0 = 22. 

Condensing logically what we have found: 


3x—6y = 7 as ἐν, 


—x+2y= 4 
There is nothing wrong with the argument. If x and y have values 
which satisfy the twq given statements simultaneously, then 0 = 22. 
Clearly, therefore, there are no such values: we can find values which 
satisfy either but not both. The statements, i.e. the equations, are said 
to be INCONSISTENT. (This is clearly seen if the loci are drawn as in 
co-ordinate geometry.) 
If we attempt to carry out the geometrical construction described in 
section 3.2 to solve the equation ax+by = c, the reason for failure is 
apparent: 
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a and b lie along the same ‘direction’. (We have shown them in the 
same line, because we chose to draw all the vectors from the same 
origin O.) Any combination of a’s and b’s will accordingly lie in that 
‘direction’ and cannot, in general, be equal to c.+ 

In section 3.2 the solution by construction depended on our being 
able to draw a parallelogram, and this has collapsed. 

t If ¢ also is in that direction or is zero we can do it, but a little thought shows 


that this is too easy: ¢ can then be expressed in an infinite variety of ways. We fail 
to get a unique solution, but the equations are now CONSISTENT. 


4.3 
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This simple example leads us to make a tentative statement for 
2-vectors in general, viz.: 

Equation ax+by = ας has ¢ ἘΝ ‘3 and b not in the same 
unique solution in x and yp or opposite directions. 

But the right-hand statement is unsatisfactory. It is not in accord 
with our policy of using algebraic descriptions to attain precision. This 
is not a fad: has every 2-vector got a direction? What about 0? (The 
student should try for himself to restate the right-hand side before 
reading on.) 

Possible statements to try out are: 

(i) b cannot be expressed as a numerical multiple of a. 

a cannot be expressed as a numerical multiple of b. 
(ii) Ifa = [Ὁ and b =| of then -- # 
a δ, a, b2- 

The statement can be tidied up by following the lines of either (i) or 
(ii). We shall develop both lines of approach, by total vectors and by 
components, in the next section. 


(a) Linear independence of vectors. This develops approach (i) of the 
previous section. 


If numbers A, exist (not both zero) such that Aa+pb = 0, then the 
vectors are said to be /inearly dependent. Otherwise, they are linearly 
independent. 

Then the relationship we require would seem to be: - 

ax+by = c has a unique a, b are linearly 
solution in x, y independent 
where Ο is a non-vector zero. 

There is no difficulty in seeing, for the case of two equations, that 
this is fully satisfactory. It is helpful to remember the result in this 
form: that if we succeed in getting (non-trivial) A, μ to fit Aa+pb = 0 
then we fail in getting (uniquely) x, y, to satisfy xa+yb = c. The term 
non-trivial is a useful one, to exclude the ‘trivial’ solution A = 0, μ = 0. 


(b) An expression in terms of components, which tests our equations 


a b <b ἜΣ. 
We cannot use — = τ as a general test, because this is meaningless 
ay 2 

when a; is zero. (In fact, we like our vectors to be parallel to the axis 


of our ‘graph-paper’ for convenience, so a, = Ὁ is quite a common 
occurrence.) 
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The way out is to write a,b,—a,b, = 0. (The student should verify 
that this secures, in every case where the term has meaning, that the 
vectors are parallel.) This is an important expression, and as it is 


F a p a ὰ 
derived from the pattern —! " of the coefficients, it is commonly 
a2 
written in square form between ruled vertical lines, thus: 
ad ῥ᾽ 
ἂ; b, => a,b,—a,b,. 


Such an expression is called a determinant of order 2. Then we can 
write the two-way implication: 


ρει» τ - 


has a unique solution in x, y. 
Note that in our example of section 3.2 the determinant was 


a, b, 
a, b, 


#0 


Equation 


ἄντ 5 
5 oa = —8-6 = —14, 


and in 4.2 


; “gf = 6—(—1)(—6) = 6-6 = 0. 
(Note: The reader will already be familiar with an example of an 
algebraic expression which by its value gives information about the 
character of an equation: the quadratict equation ax?+bx+c = 0 is 
said to have the discriminant b*—4ac. If this is zero the equation has 
equal roots; if positive, real roots; if a perfect square, rational roots; 
if negative, complex roots.) 

In our example, the determinant, by being zero or not, discriminates, 
but its sign does not matter: the equations in 3(c) could have come in 

3 3 


the other order, giving: Li a 


= 618 = +14. 


EXERCISE 4a 


(1) Evaluate the determinants: 
Za 3 7 & 2 eon 2 | Sif 
@), 4“ Ὁ» | er gs δι. μὸν 7 (4) : sat 4 
t We have to know that it really is a quadratic, ie. a 0. In computer work in 


which a supposedly quadratic equation appears at some stage, a test has to be 
applied to ensure that a τέ 0 before carrying out the discriminant procedure, 
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(2) Find, by geometrical construction on graph paper, multipliers p, q, 


BS PSP Ὑ 
such that (ἢ + (ἢ Ξε (3) 


(3) Evaluate the determinants: - 


ὄν 7st ΝΠ 


(4) Which of the following pairs of vectors are linearly dependent? 
For those which are so, find values of A and yu (not both zero) such that 
ja+pb = 0. (Note that if A, 1 is a solution, so also is 2A, 24 and so on.) 


oa(heQ) ὁπ κῷ 
wa(Je-@) 2-0) 9-6) 


(5) Show directly, and also by an argument on dependence of vectors, 


2 2 
- " has m—n as a factor. 


(6) Prove that, if a = (2) and b = οὐ are linearly independent, 


2 


then so are the vectors {“! ) and 2) 
by b, 
4 


(7) Evaluate the determinants Ay =|} 1 and A, = 


What conclusion do you draw about the presence of k? Use your 
result to simplify the evaluation of 


3k nad 
1—-l | 


38 133 16 64 E 28 | 
(Ὁ) ,),. 2 lig 99] © {26 39 
(8) Decide which of the following pairs of equations have unique 
solutions, and say which of the others are consistent or inconsistent. 
(a) 3x— 2y =5 (ὁ) 3χ-άν Ξ 7 
2χ-- y=4 —6x+8y = -- "4 
(c) 2x+16y Ξ 7 (4) 5x+3y =6 
—x— 8y =2 10x+6y = 12 
(ὁ) 2x+ 3x=5 (f) x+2y=4 
4x+ 6x =10 2x+5y = 10 
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(9) What value of 2 makes the vectors (;) wi linearly dependent? 


What value must μ take to make the equation x (3) ἘΦ [ ᾿Ξ (Ω 


consistent ? 


(10) Find all the values of 2 which cause the equations 42) 
x .» = 
not to have unique solutions, and determine y for consistency in ἘΞ Ξ 
case. 
(11) (Referring to section 4.3(a)) 

Given three 2-vectors a, b, c, where c τέ 0, let us assume both the 
following statements to be true: 

(i) For some A, μ (not both zero) 4a+pb = 0. 

(ii) There exist unique x, y such that xa+yb = c. 

The reader should obtain directly from these statements a deduction 
which is inconsistent with the assumptions. 
(12) (An exercise in logic based on question 11) 

Giving the symbol d to statement (i), affirming linear dependence of 
a, b; and the symbol s to statement (ii), affirming (unique) solubility of 
the equation, deduce which of the following are valid implications: 


d= δ; d= not-s; s=>d; s = not-d. 


(13) If p and q are any two statements, then by definition the assertion 
‘P = φ' is equivalent to ‘p and not-g cannot both be true’. Show 
that it is also equivalent to ‘not-g = not-p’, and illustrate by an 
example. | 


The layout of the solution (for integral coefficients) 


For all but the very simplest situations, such as could almost be solved 
and checked mentally, it is vital to adopt a systematic layout of the 
solution. 

First of all, since the arithmetical work is carried out on the coefii- 
cients, we require to display only these and not their attendant x’s or 
y's. By the use of columns and guide-lines we can see which coefficient 


ale | : x~ = -᾿Ἴ : | : 
is which: e.g. the equations i na ‘ae would in fact be written as 


bles —4 
4 3 | 5. 
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Secondly, at each stage of the solution we have a new pair of equa- 
tions with the same solutions (if any) as before. In the above case we 
might form a new equation by multiplying the second by 2 and sub- 
tracting it from the first. The new equation is written in place of one 
of the former (along with an indication of how it was obtained). The 
pattern will therefore look thus, with the new pair separated from the 
old by a horizontal line: 


1 - -4 
ee 5 
ry = Py l —] —4 
Γχ = 1r,—-4r; 0 7 2] :ΞΡ 6p = 5 ec. 


The abbreviations on the left indicate the steps by which the new 
rows (primed) are derived from the old, e.g. γχ' = r,—4r, means 
‘new-row-2 = old-row-2 minus four times old-row-1’. (We commonly 
omit the repetition statement r,‘ = r,: the important thing is that the 
equation should be repeated.) 

At each stage of the solution we have a new set of equations which 
supersedes the old (and in computer practice the new coefficients actu- 
ally take the places formerly occupied by the old, in order to economise 
storage space). It is as if we had now been asked to solve the equations 


x-y=-4 
Ty = 21. 
In this situation we have no eliminating to do: the value of y leads 
to the value x = —1 by back-substitution. In the general case we have 
ax+byy = οκἱ 


in which we assume ¢;, ὦ, not both zero. 
by = Cz 


We have a solution for y provided b, # 0, and proceed to a value 
of x, for which we require a, # 0. In fact we must have a,b, # Ὁ: 
which, for this set of equations, is the determinant of the left-hand-side 
coefficients (since a,b, = 0). 

The process by which the complete array of coefficients is transformed 
into another array is called a row-operation. Only one row-operation 
was required above, which left one row unchanged and produced a zero 
at the left of the other. We shall study such operations in detail in the 
next chapter, where it will be seen that the aim is to replace certain of 
the coefficients by zeros, working from the left-hand corner, until the 


4, 


un 
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remainder of the solution is entirely back-substitution: for example, 
we might have: 


y= 2 (using equation II) 


0 2) 6 < 2 
= —4 (from equation ἢ. 


Such an array of coefficients, with zeros below the main diagonal, is 
called an echelon form. 

The reader should note that it may be convenient, in order to achieve 
the result smoothly, to interchange the equations at the outset so as to 
get a suitable coefficient of x at the top—as was already the case in the 
example (a, = 1 means that row 1 can certainly be multiplied so as to 
eliminate the x-coefficient from the other equation). 


EXERCISE 4b 


Solve the following sets of equations, using the layout described: 


(1) x+5y = 18 οὐ yoy 
3x+4y = -1 Gols | 62 
(ἢ 6..72).2 (ἂν Five’) Aetal 
al in «αὐ ie — - 


(Hint for question 4: Use γ΄ =r,—2r,, rj’ = r, to get a simple 
x-coefficient—an easier start, although it involves an extra Stage in the 
solution.) 


The layout for non-integral coefficients 


For this case, which is so important in practice, we have the same 
general pattern with two new features: 

(i) We put at the top the equation with the numerically-largest co- 
efficient of x. (This is called the pivotal equation.) 

(ii) We have a further column in the layout which serves to detect 
any error as soon as possible after it occurs. In this column we place, 
for each equation, the sum of all the coefficients (including the right- 
hand-side coefficient). The row-operation is carried out also on this 
extra number: how the check operates will be seen in the following 
example. 
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Worked example 

0-50x+0-32y = 1-78 
}0-10x+0-70y = 2:31’ 
The pivotal equation is already at the top, and the array is: 


To solve treating the given figures as exact. 


Sum-column 
0-50 0:32 1-78 2°60 
0-10 0:70 2°31 311 


0-50 0-32 1-78 2-60 
Γχ = 1r,—0-2r, 0 0636 | 1954 2.590 (checks ,/) 


(Note: 2-590 is derived from 3-11 —0-2 x 2-60, but it is also found to be 
the sum of the numbers in its row.) 

Then y = 1-954 / 0-636 = 3-072 to 4 figures and 0-50x = 1.78 -- 
0-32 x 3-072 = 0-8072, giving x = 1-614 to 4 figures. 

The results check to within 0-001 in the original equations. (The 
question of the reliability of these results if the data are only approxi- 
mate will not be considered here—it belongs to numerical analysis; so 
also does the reason for the choice of the pivotal equation, which has 
the effect of giving a multiplier, 0-2 in the above case, of magnitude less 
than unity.) 

The above procedure is ideally suited for work with a desk machine; 
but it is also profitable to carry out some examples with a slide-rule 
(with an intermediate line of figures written in the layout, 0-2r in the 
above case). 


EXERCISE 4ς 


Solve the following equations approximately, with the aid of a slide-rule, 
checking your results: 
(1) = 1:08x+2-56y = 1-96 

—0-49x+ 1-82» = 0-97 
(2) 2-15x—3-20y = 2-26 

1-23x+0-80y = 1-03 

(3) Recalculate the above, using either 4-figure logarithms or, prefer- 
ably, a desk-machine. In the former case the discrepancy on substi- 
tution should not exceed 0-002. 


5.1 


chapter 5 
VECTORS AND LINEAR EQUATIONS (3-VECTORS) 


We shall in this chapter extend our discussion to 3 equations in 3 
unknowns, starting as before with a particular case in order to get the 
feel of the problem: 


x+2y-— z=0 ™ | 2 - 0 
2x+7y—Sz = 2 yo tees εν 2χ 4 i SE πῆ]ξ 1. 
Ix+6y+ z=1 | 6 I I 


or ax+by+ez = d. 

To consider this geometrically we have to use 3 dimensions. The 
drawing attempts to represent this, but the student would be well 
advised to try it out in space. 


Fic, 21 


_——-—-—-——----> 


| 
| 
$ 
| 


It will be seen that any vector in the plane AOB can be obtained by 
adding vectors 4a and yb (since a, b are not in the same line) where 
A, μ᾿ have suitably chosen values. In order, with the help of ve, to make 
the final result equal to the vector ἃ, it is essential that c itself should 
not also be in the plane AOB. (If it were so, then any combination of 
a, b, ec would also be so.) 
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The feel of this situation can be obtained by considering it as a force 
problem, in which a resultant force d (at O) is to be obtained by adjusting 
the magnitudes of forces in the directions of a,b,c at O. It is clear 
that a, b, c must not be coplanar in order that the adjustment can be 
made (except in the special cases d coplanar with a, b, c; or ἃ = 0). 

An experimental or intuitive approach leads us to suspect that the 
following situation exists, provided ἃ τί 0, viz: 

ax+by+cez = dis uniquely soluble for x, y, z 

<> ja+pb+yve = 0 is NoT satisfied by any set of values of A, μιν 
other than the trivial 0, 0, 0; (and the latter statement can by definition 
be written as: 

a, Ὁ, c are linearly independent). 


EXERCISE 58 
(1) Show (by actually finding numbers /, μ, v such that Aa + b+ ve = 0) 


that the following vectors are linearly dependent, and sketch the vectors 
in a diagram in each case: 


5858 aL 
ov-(3} Gh ἢ 


aa [3 10 
(2) Show that - ' ἢ | | are linearly independent. 
0] \0 I 


(Hint: Try to find 2, μιν and show that the required equations are 
insoluble except for ἃ = p = v = 0.) 

(3) Verify the connection of linear independence with unique solu- 
bility, using the vectors of question 2 above and solving ax +by + cz = ἃ, 


44 
whered =] 0 |. 


5: 


36 VECTORS, MATRICES AND LINEAR EQUATIONS 


(4) Verify the connection between linear dependence and failure (of 
one sort or another) to get unique solutions, using the vectors of ques- 
tion (i), and inventing vector ἃ in the following way: 

Choose simple values of x, y, z to be solutions of your equations, and 
proceed to calculate dy = ayx+b,y+c¢,2; dy = anx+hzy+e9z. 

If you calculate d, in the same way, then you have made the equations 

CONSISTENT: any failure must be in uniqueness. If, however, you choose 
d, differently you have INCONSISTENCY. 
(5) Construct examples of linearly dependent 3-vectors, e.g. by the fol- 
lowing procedure: write two vectors a,b which are independent (i.e. 
pa # qb) and form a vector c = jJa+yb. Show that in general the 
alteration of one of the components of your e-vector has the effect of 
making a, b, ¢ into an independent set. (At this point the student will 
appreciate the need for developing simple tests to discover whether a 
given set of vectors is linearly dependent or not.) 


5.2 We should like to be able to write down, as for the 2-vector case, a 


determinant which (by being zero or not) would quickly give us the 
information that we want about the equations. It must, of course 
(ἢ) involve all the coefficient-values combined in some way, and (ii) re- 
cognise that the place of each coefficient in the total 3-by-3 pattern 
matters.t 


We might in fact decide to write the determinant, usually symbolised 
by A, thus: 


l 2-1 ay b, Cy 
2 7-5] oringeneralA=|a, 6, ὁ) 
ΐ ὃ jf ᾶ: b; ¢3 


but this is no help until we know a rule for working it out! The reader 
may have had the curiosity to try to solve the equations with which we 
began. If so, he has failed: this is a case in which a, b and ¢ are linearly 
dependent and a carefully-made model of the geometrical figure shows 
OABC to be a plane (and OD is oblique to it). 

We shall not immediately give the rule for finding the value of A, 
but concentrate on the processing of the equations using row-operations 
just as we did for the simpler case of two equations (in chapter 4). 


7 Such a pattern is called ἃ 3 x3 matrix. 
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l 2 - --Ἰ 

2 7 --5 3 

7 6 1 | —6 

l 2 --}]} -Ἰ 

2 7 --5 3 

0 -8 8 l rs = r3—Try 
l 2 --] —] 

0 3 —3 r,' Ξε ἢχ- 2] 
0 - 8 i 

l 2-1 | -!1 

0 3 -3 5 

0 


ee 144 rs) = ΓΔ Ἔ ὃ 2 


It is immediately apparent that no solution is possible, because the 
last equation is 0.z = 144, whereas 0.z = 0 for any value we might 
suggest for z. 

It can be seen that there would be the same kind of trouble if any of 
the other numbers in what is called the main diagonal were to vanish: 


Ger) s : 
0θ. ὃ). . 
θ Ὁ  &y | 


Our condition is in fact a,b,c; # 0, i.e. when the matrix of coeffi- 
cients has been worked into echelon form the product of the elements 
in the main diagonal determines the nature of the set of equations. We 
shall later be defining an expression called the determinant of a 3 x3 
pattern of coefficients: it is enough to say at this stage that for the 
echelon pattern the determinant is equal to the product a,b,c;3. 


EXERCISE 5b 


(1) Using the above method, solve the slightly modified set of equations 
indicated : 


1 2 - —1 
δ αν 5 -8 
7 6 2 9 
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_ Give also the determinant of your final set of equations. 

(2) Reduce the set of equations given below to an echelon form. Show 
that the determinant of this form is zero, but that in this case any value 
may be assigned to 2; i.e. the failure is only a failure to get a unique 
solution for x, y and z. 

I ΣΦ 12 

- F 18 1] 

1 —1 15 25 


Take z = 2 and determine the corresponding values of x and y. 
Repeat with another value of z, of your own choice. 

(3) Using two facts of 3-dimensional co-ordinate geometry, (i) that 
a condition such as x+8y—5z = —1 determines a plane locus and 
(ii) that in general two planes meet in a straight line, give a geometrical 
interpretation to the relationships of the planes in questions (1) and 
(2) above. 
(4)-(9) In the following questions reduce the set of coefficients to 
echelon form, giving (i) at each stage a complete set of 3 rows of 
coefficients, and (ii) a clear indication of how this set is derived from 
the previous set. A change in the order of the rows may be advisable 
at the start or at any subsequent stage. (The solution of the equations 
is, as it were, a by-product of this work.) 


(ἃ 2 a. § 10 (5) 2 -3 5848 13 
7 me | «5 -4 6 18 2 
2-4 2 | 31 6 3 0 0 

en SSP. Ὁ 7 (7) a. oe a 0 
Aten. —§ ΕΠ 2 9 
0 a ee 1 

(83) 3. -4 1 2 (9) 3 2 =—§ 1 

-5 6 10 7 a ρη γ Ὲ} I 
1-ὸ 5] 6 6 4-10 2 


chapter 6 
THE FOUNDATIONS SURVEYED 


We now proceed to put into formal algebraic shape the work which has 
been done piece by piece up to this point. (The student need not at 
first reading attempt to memorise points of general algebraic structure, 
but will need to appreciate clearly the concept of vector space and its 
associated terms.) 


1 The reader is reminded that it is of the nature of a formal algebra to 


have: 

(i) aset of elements, which may be finite or not; 

(ii) a law of composition by which any pair of elements α, β of the 
set will give uniquely a third element γ, also of this set: we may express 
this as « * 8 = y (remembering that «, 8 do not have to be distinct, so 
that « * α is also a member). 


Some of the algebraic systems which we considered had one or more 
of the following additional properties: 

(iii) To contain an element e such that for every element « of the set 
aee=eren= a. 

[We call such an element the identity element of the system.] 

(iv) To have for every element « a mate «’ such that when ἃ is com- 
bined with its mate we arrive at δ᾽ 1.6. ἃ * α' = α' τὰ = e, in which 
case α' is the inverse of α and written «~'. («~' does not have to be 
distinct from «: sometimes an element is its own inverse.) 

(v) To havea rule governing the combination of any three elements; 
viz. for p,g,r in that order it does not matter whether we work out 
(p*q)*r or p*(q*r), the resulting element is the same. This rule 
or property is called associativity: it looks to be the most subtle of the 
properties but it is found to be satisfied by a wide range of structures. 


We can regard (i) and (ii) as the essential minimum which qualifies 
a system to be ‘an’ algebra: the possession of all the rest gives the 
algebra a particularly tidy and useful form. Such a system is called 
a GROUP. 
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6.2 We have looked at the group properties (i) to (vi) in our vector system, 
but like some other interesting systems it has further properties beyond 
this. (The familiar real-number system has of course two laws of com- 


Vectors of a particular type and size (number of components) form 
a group; we shall note how they fit into the above pattern, taking 
2-vectors as our example. (They can be defined geometrically, but it is 


better to use algebraic definitions, in this case column 2-vectors, and 
illustrate with geometrical pictures.) 
In detail for this system: 


(i) The typical element is y = [᾿ where a and b are real numbers. 


The picture is of a displacement which increases the x-co-ordinate by 
a and the y-co-ordinate by 5, on a plane with a pair of given axes. The 
set is infinite. 

(ii) The law is ‘addition’ as defined earlier: it is commutative. 


(iii) ὁ = () 


(iv) Element y = (5) has inverse ὧδ: 


(v) Associativity is obviously obeyed, since it is true for addition of 


the numbers which form the components. 
There are clear geometrical pictures for each of the above properties, 
as the reader should try out for himself. 


EXERCISE 6a 


(1) If a and b belong to the set of integers, let a* b = a+b+1. 

(a) Which integer e has the property that ἃ τὸ = e*a=a for 

every element a? 

(5) Is there an inverse of a for this law? 

(c) Do we have associativity ? 

(d) Is the system a group for this law of combination? 
Answer the same questions for ao ἢ = a+b+ab. 
(2) Consider the numbers 0, 1, 2, 3, 4, 5 under addition modulo 6. 
(See exercise Ic, question 1, e.g. 5 (Ὁ 4 = 3.) Do they form a group? 
If so, give the inverse of each element; if not, say why not. 
(3) Consider the same numbers as in question 2 under multiplication 
modulo 6. 

The reader should return to the exercises of chapter 1 and work any 
questions that were omitted then. 


bination: multiplication gives a further structure which all but satisfies 
rules (i) to (vi) a second time, zero being the exception because it has 
no inverse for multiplication.) 

A vector system also incorporates numbers as multipliers in the way 
described earlier, so that from any vector u we may form another, say 
pu, and from vy we can form gy. Furthermore, just as we could add u 
and y, we can add pu and qv; 1.6. from u and y as building-bricks we 
can form an infinite number of new elements of the form pu+gy and 
these are all members of the set. This is, so to speak, a manufacturing 
process for vectors of the system. But we have next to consider whether 
every vector of the system can be manufactured in this way; i.e. given 
a vector w of the system, do numbers p and q exist so that w = γα ἜΦΥ 
We have already considered this as a practical problem in connection 
with the solution of simultaneous linear equations, and derived the 
condition, viz. that the vectors u, v should be linearly independent. 

This is the point at which to introduce three new technical terms. 
First, a vector system as described above is called a VECTOR SPACEt—a 
term which shows the origin of the idea, but which might cause the 
reader to forget that such systems exist for vectors of order greater 
than three. 

Secondly, if any two 2-vectors ἃ and y are taken as bricks, then the 
set of all vectors which are built out of u and v is said to be the space 
SPANNED by u and ν. 

Thirdly, if these 2-vectors u and vy are linearly independent they are 
said to form a BASIS for this vector 2-space, and we have seen in chap- 
ter 5 that three linearly independent 3-vectors provide a basis for a 
3-space. The geometry of 3-dimensions, developed by using Cartesian 
axes Ox, Oy, Oz, can be re-stated in terms of vectors, with, as basis, 


l 
the unit vectors i = f a unit vector parallel to the x-axis, together 
0 


0 0 
with j = | l k =|0}. Then the position of a point P is precisely 
0 


] δ Ὁ 
defined by the vector OP where OP = | y | = xi+yj+zk. 
Ζ 


t The full formal definition of a vector space is held over until the end of the chapter, 
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A certain amount of care must be taken over these words, and some 
examples will serve to illustrate. It must not be supposed that a vector- 
space comprising 3-vectors necessarily needs three vectors as a basis. 
There is a vector space for which i and j alone are a basis; and even 
one for which i alone is a basis. For this last vector space, all its vectors 
are parallel to the x-axis of co-ordinates. 


Another example of a vector space is the space which has (ἢ or 


(ἢ or (3) or (713) as a basis; in fact the vector space spanned by 


the four vectors given is the same as that for which Ι is a basis. 

It will be apparent that there is no precision in the idea of a basis, 
unless we choose a minimum number of vectors for it. If the vectors 
comprising a basis were linearly dependent, then one could be dispensed 
ΜΠ}. It is essential that the vectors of a basis should be /inearly 
independent. 

The number of vectors required for a basis is called the DIMENSION 
of the space. In all examples where the dimension is less than or equal 
to 3 this agrees with our intuitive geometric ideas. 

There is no need for the basis-vectors to be of the type i, j and k 
shown above, though to have three unit vectors which are mutually 
perpendicular is an enormous advantage. We have already seen that 

a,| |P q 
an echelon set will do, e.g. | 0 | ἦ, | ; . These may be used to 
0 0 C3 


5:1 

build up any vector of the form | d, | provided, of course, a,b,c; τέ 0, 
ds 

and hence act as a basis. 


EXERCISE 6b 


5 (4 

H(3) + (ἢ = 0. 
Show that any 2-vector may be written as a combination of these 

three vectors, i.e. that they span the space comprising 2-vectors. Show 


(1) Find numbers /, and v such that 2 ; + 


+ We are not stating that any one can be dispensed with. 


6.3 
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further that any one of the three may be omitted to form a linearly 
independent pair of vectors which will act as a basis for the space of 
2-vectors. 


(2) Show that the vectors [ (;) and ἡ span the space of 2-vec- 


tors, but that it is not possible to find a basis for 2-space by omitting 
any one of them. 
(3) The following vectors span a vector space: 


1\ /O\ /2\ [1Πὴὺ [0 
O};1)/0) 1/0) 70 
0[10}11}13}11} 
0! \1/ 0]! \O/ 0 


How many are needed to form a basis for this space, and what will 
be its dimension? Does it matter which vectors are omitted to form 
a basis? 


The algebraic structure called a vector space has a very wide range of 
applications. A topical example is in colour television, where the three- 
fold colour information for every spot on the screen (initially observed 
by the camera as intensities of red, green and blue) is expressed and 
transmitted in terms of a new basis (white, and two ‘chromaticities’). 

We shall take for discussion a structure within mathematics, viz. the 
set of all quadratic expressions in x with integral coefficients. For 
example, take 2x?—5x+3, —7x*, 5x—4 (= 0x?+5x—4). The 
general form is of course ax? +bx +c, where a, b, c can have all integral 
values not excluding zero. 

It is clear: 

(i) that such an expression is uniquely determined by its triad of 
coefficients e.g. (a,, b,, c,) or (42, 52, 61); 

(ii) that a law of combination exists, viz. addition, where 
(a,, by, €:)+(@2, 2, C2) = (a, +42, δὲ +62, Cy Ἔ 6.) and the result is a 
member of the set—i.e. the set is closed under this law; 

(iii) that in view of our definition there is a ‘zero’ quadratic (0, 0, 0); 

(iv) that a quadratic (a, b, c) has an inverse (—a, —b, —c); 

(v) that addition is associative for these elements, since it is for the 
component integers. 

This shows that we have a GROUP but not yet a vector space. 

If QO is a quadratic of this system, then so also is nQ where ἢ is an 
integer. More generally, /0,+mQ,+nQ; is also a member of the 
system. We could in fact take Q, = (1, 0,0), which is the quadratic 


6.4 
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x*+0x+0; QO, = (0, 1,0) which is 0x?+x+0; and Q, = (0,0, 1) 
which is 0x*+0x+1. This would provide a basis on which we could 
build up the whole system. If, however, we think of this in geometrical 
terms, with these as position-vectors for a set of points, we find our- 
selves left with the points with integral coefficients. Not only does this 
offend our idea of the term space, but it is in fact contrary to the 
technical definition of a real vector space (see section 6.4) which re- 
quires any real multiple of a vector to be also a vector of the space. 

If we start again and define our polynomial as having real coefficients 
(a, b, c) we have a vector space which obeys all the rules. Since integers 
are real numbers we may still take O,, O,, O, as defined above to be 
our basis: for most purposes it is the simplest basis. 

We can handle in concrete fashion vector spaces of higher dimension 
than three by considering polynomials of higher degree; e.g. we may go 
up to 4th degree in the form (a, b, c, d, e). Notice that the quadratic 
expression x” belongs to this space as g, = (0, 0, 1, 0, 0), and we also 
have g, = (0,0,0,1,0) and g, = (0,0,0,0,1) as members. With 
these as basis we span a subspace /g,+img,+ngq,. (A subspace is de- 
fined as a subset of the full space which itself satisfies all the conditions 
of a space.) 

We conclude this chapter with two algebraic sections, one to give in 
full rigour the definition of a real vector space and the other to develop 
more algebraic ideas (relations and mappings) which will be required 
for later work. 


Definition of a real vector space V 


V is a set of elements which form a group under addition (with zero 
written 0). Further properties required are as follows: 
If x e V and r, s are real numbers: 


(i) rxeV 

(ii) (rs)x = r(sx) 
(iii) (r+s)x = rx+sx 
(iv) r(x+y) = rx+ry 
oy Tx== 

(vi) Ox =0 


The reader may, with a picture (or a column-vector) in his mind, 
think that part of the above definition is unnecessary, e.g. (ii). If the 
algebraist can construct other systems which have (/), (iii), (iv), (v), (vi), 
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but not (ii), then (ii) is an essential part of the definition. It is as if we 


define a teapot as having a spout, a handle and a lid: all are essential 


to the definition because a kind of pot could be made without having 
all three and we should not accept such a pot as being a teapot. 

The student would, however, be justified in dropping (vi), because 
it can be proved from (iii) and the group character of V. (Write r = | 
and s = -- 1.) We include it for clarity. 


EXERCISE 6¢ 


Show that the elements 2x+1, x—4, x +7, 2x—1 span a vector space 
which consists of all linear expressions in one variable x (i.e. of the 
form px+q where p and q are real numbers). Show also that (i) one 
pair and (ii) any three of the given four elements are linearly dependent. 
Express x—1 in terms of 2x+1, x—4 asa basis. Suggest (ii) a simpler 
basis for this vector space, (iv) a basis for the vector space consisting 
of all quadratic expressions px*+qx+r. Are x*, x—2, 3x?—2x+4 
linearly independent elements in this space? 


Relations 


‘Relation’ is one of the many everyday English words which are used 
in mathematics as (precisely defined) technical terms. A relation is 
defined for two sets X, Y (which are best visualised as different though 
they need not be so). 

Definition: A relation p between sets X, Y is a defined set of ordered 
pairs (x, y). A simple example is the set of two-course meals {entrée, 
sweet} which are chosen by a party of diners from a given menu, i.e. 
from a specified set of entrées and a specified set of sweets. It will be 
seen that if there are m entrées and n sweets, a relation defined upon 
them could have any number of members from zero (i.e. a null relation) 
to the set of all possible pairs, which has nm members. The latter is 
called the product set and written X x Y. 

It should be noted that throughout this work the stated order is 
important; e.g. if any diner were to have his sweet first his meal would 
not belong to the relation X, Y but to a different relation, Y, X. The 
full product-set Y x X comprises all the possible pairs y, x, i.e. {sweet, 
entrée}. 

Relations already familiar to the reader, though perhaps not by that 
name, involve ordered pairs of real numbers. Each member of such a 
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relation is a number-pair, e.g. (x, —1): it may be visualised as a point 
on graph-paper. This particular number-pair belongs to the relation 
{(x, y) | » = cos x}, the vertical stroke being read as ‘such that’. Every 
kind of graph or ‘scattergram’ exhibits such a relation; and all are sub- 
sets of the vast structure consisting of all possible pairs (x, y). This set 
is often written R x R since it pairs every member with every member 
of the set R of real numbers. 

In general, relations in the set R xR are defined by some rule of 
calculation which determines those values of y which are paired with 
a given value of x and vice versa; y = cos x is an example of such 
a rule. 

Relations are classified in two different ways: (a) according to 
whether certain of the available x’s (or y’s) do not enter into it, e.g. 
for y = cos x all values of x enter into the relation but only p-values 
in the range —1 < ν < 1; (δ) according to the kind of tie-up between 
a typical x-value and the y-values with which it is paired: this example 
is called a many-one relation, because many values of x are paired with 
the same value of y. For example (—5z, —1) (—3z, —1) (—z, —1) 
(x, —1) (3x, —1). 

Other types of relation are one-one, one-many, many-one, and 
many-many; the product set is an extreme example of a many-many 
relation. The word ‘many’ is included in the title provided some of the 
elements conform to the pattern described, e.g. for real numbers 
{(x, y) | x? = y} qualifies as many-one although for x = 0, y = 0 it 
is one-one. In fact one isolated case in which two x-values are linked 
with a single y would be enough for a relation to qualify as many-one. 

A many-one relation into which every x enters is called a function or 
a mapping of the set X into the set Y. This is a type of relation with 
which we shall have much to do. An even stricter type of relation is a 
one-to-one correspondence: in this case every x and every y enters 
exactly once, each having a mate in the other set. We have seen a 
variety of examples of this situation, which in a geometrical context is 
called a reversible transformation. 


EXERCISE 6d 


(1) For each of the following relations on sets X, Y of real numbers, 
state: 

(i) whether any values of x or of y do not enter into it; 

(ii) whether it is one-one, many-one, one-many or many-many. 
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(a) {(x, y)| x = y7} (b) {(x, y)| χ᾽ Ἐν) = 1} 
(ὦ {(x, y) | xy = 0} (4) {(x, ») |» > x41} 
(ὁ) {x y)| x+y = 2} 

(2) For each of the following relations on sets P, Q of integers state: 

(i) whether any values of p or of g do not enter into it; 

(ii) whether it is one-one, many-one, one-many or many-many. 

(a) {(p,q) |p? +q° = 25} (6) {(p.9) [»" --4ἦ = 1} 

(c) {(p.9) | p = 24) (4) {(p, 9) 4 = sin 2πρ) 

(6) {(p,9) |p? +9" = 2pq+1} (0) {(p.9) |p? +9? = 0) 
(3) Discuss as above, for sets {a, «} of 2-vectors with real components, 
the relations defined by: 

(a) ἃ = a+k, where k = om 

(δ) « = 7a 

(c) « = a,i+a,j, where a = 


2 
(4) a = a where a,*+a,” = 1, and « = 0 otherwise. 


ay 
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chapter 7 


SOME VECTOR GEOMETRY: 
LENGTH, DIRECTION COSINES, SCALAR PRODUCT 


Let us suppose that we are considering 2-vectors, in a plane,t and we 
have decided upon a basis for this space. Clearly, we want to know as 
much about the base vectors as we can. Two factors spring to mind 
from the geometrical picture: first, the length of the vectors; and 
secondly, the directions of (and the angle between) the vectors. 

: , si we may 
rewrite 2) = 5i+ 12j where i and j are vectors of unit length parallel 


What about the length? If we consider the vector 


to the x and y axes. 
This automatically constructs a_right- 
angled triangle for us, which gives the 


length of 3 as 13. Similarly the length 


of (*:) is Ja? +43, and a 3-dimensional 
2 


ay 
figure shows us that the length of | a, 
Fic, 22 ay | 
can be found. 
AZ 
A 
Ι ᾿; 
/ 
7 Ρ 
Fic. 23 , a,k 
| 
] Β 
| 2 a,j 


al A 


+ We write this because we could have a set of 3-vectors in a plane: the order of 
the vectors and the dimension of the space are not necessarily the same. 
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We have OB? = OA*+ AB? = a?+ai. 
Also, OP? = OB? + PB? = a? +a3+a3. 
ay 


a, 
ay 


Hence, length = fa? +a3+a%. 


We are in danger of allowing the geometry to run the algebra, so 


ay 
we now define the MODULUs of a vector a = | az eas the length) 
a3 


as ,/aj+a3+a3, and to denote this we write the symbol a between 
vertical lines, thus: | a |. 
Hence, |a| = /a?+a}+a3. 


EXERCISE Ja 


(1) Find the modulus of each of the following vectors and sketch 
where possible. 


(a) ( (6) ( --ϑ (c) (ἢ @ [ 0 
0 0 4 -3 
0 4 
0 
(e) 12 (f) | —12 (zg) | cos @cos ¢ 
3 0 cos @ sin @ 
—4 3 sin θ 
4 
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(2) An octahedron has vertices at the points (0,0, +,/2a) (+a, a, 0) 
(a, —a,0). Show that all its edges are equal in length, and express 
their directed lengths as 3-vectors referred to the axes of co-ordinates. 
(The sense given to each line should be shown on a figure.) 
(3) A gun fires a projectile with velocity 4,000 ft/sec. at an elevation of 
60°, on a horizontal bearing 030° (1.6. N 30° E). Express the velocity as 
a vector in terms of e, n, u, unit vectors east, north and upwards. If 
the recoil of the gun imposes an extra velocity of 40 ft/sec. horizontally 
in direction 210°, state the actual velocity of the shell as a vector. 
(4) The electric field at a point inside a cathode-ray tube is given by its 
components in the x-, y-, and z-directions, measured in volts per cm. 
At a certain instant it changes from F, = (5, —3, 11-5) to F, = 
(—3, 1, 12-5). Show that the magnitude (modulus) of the field is un- 
changed. Calculate the modulus of (ΕἸ —F,) and hence or otherwise 
show that the field direction has turned through an angle of nearly 41°. 
(5) ABC is an equilateral triangle which forms the base of a tetrahedron 
OABC in which the lengths of OA, OB, OC are not necessarily equal. 
Show that the centroids of the faces OAB, OBC, OCA form an equi- 
lateral triangle. Find the ratio of the area of this triangle to that of 
ABC. 
(6) ABCis ἃ triangle with centroid at O, and Y is any point in its plane. 
Prove that XA*+XB*+XC* = 3X0?+A0*+BO?+C07. 
(Hint: Take a, b, ¢ as position-vectors with respect to O, and use 
a+b+c = 0.) 
(7) Prove that the quadrilateral formed by joining the midpoints of the 
sides of a given plane quadrilateral is a parallelogram. 

Investigate whether the above result is true if the original quadri- 
lateral is skew. 


7.2 Direction of a vector 


Specifying direction begins to be tricky only in 3-dimensions, and we 
shall therefore start there. 


3 6 
We have no hesitation in saying that the vectors | 12 | | 24 | have the 
4 8 


same direction; and in a more general case that a, ka have the same 
direction (provided k is positive).t We could therefore specify a 
direction in either of two ways: 


t We have in each case a most elementary form of linear dependence. 
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(i) We could just give the components in order, for any vector in 
that direction: in the above case we should prefer to do it in lowest 
terms as 3, 12, 4. These are then called direction numbers for this 
direction. 

(ii) We could scale them down so that we get a wnit vector in the 
required direction. In this example our given vector is of modulus (i.e. 
length) \/3?+127+4? = 13: we would therefore divide all the numbers 
by 13 and specify the direction by ὃς, 12, «ἧς, (The reader should 
verify that these numbers, squared and added, give unity.) 

Such numbers are called direction-cosines, because they are in turn 
cos 0,, cos 02, cos 0; where 0,, 02, 0, are the angles which the directed 
line makes with the co-ordinate axes Ox,, Ox,, Ox3. The reader should 
convince himself, if necessary by construction of a model, that for the 

3/13 
unit-vector | 12/13 | these trigonometrical results are true. 
4/13 


The diagram shows the situation in perspective. 


Worked example 


O is the centre of a cube with vertices ABCDA’B'C’D’. Axes are 
taken through O perpendicular to the faces as shown in figure 25. 
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OA, OB, OC, OD, OA’, OB, OC, OD’ ny 
To solve, we take the side of the cube as 2. Then the vector OA is 
l 
ἐάτεν αἱ ' Re EAU τὸ τὰ pane 
: of length ,/3 and the direction-cosines are i ἧ NEY Since B 


— l 
is (—1, 1, 1), the direction-cosines of OB are τ + v3 


Similarly, C =a 
imilarly, C gives —-; + τ ἘΣ and D gives ~ ΤΣ V3 5 

In every one of these four instances the third cosine is positive, 
corresponding to the fact that all these directions make an acute angle 
with Oz (or Ox; if this notation is used). 

With reference, however, to the first axis (called Ox or Ox, as pre- 
ferred), they differ; e.g. OB makes an obtuse angle, and this is shown 
V3) 

The direction-cosines of OA’ are those of OA with signs reversed, 
and similarly for OB’, OC’ and OD". 


by its first direction-cosine ( 


7.3 


LENGTH, DIRECTION COSINES, SCALAR PRODUCT 53 
EXERCISE 7b 
(1) Find the direction-cosines of the lines joining: 


(a) (2, 4, —3) to (1, 2, —1) 
(b) (3, —1, 2) to (5, 2, —4) 
(ὁ (—1, 3, —6) to (2, —1, 6). 


(2) ABCD is a face of a cube, O is the centre, and A’B’C’D’ is the 
opposite face, AOA’, ΒΟ Β' etc. being straight lines. Give the direction- 
cosines of OA, OB, OC, OD for each of the following choices of axes: 
(a) P, QO, Kare the midpoints of the faces ABCD, BCA'D', ABD’C' 
respectively; and OP, OO, OK are taken as Ox,, Ox2, Ox3. 
(6) S, T are the midpoints of AD, BC respectively; and OS, OT, OK 
are taken as Ox,, Ox, Ox3. 
(3) A wooden block is constructed in the shape of a pyramid on a 
square base ABCD, the slant edges VA, VB, VC, VD being equal in 
length to the sides of the base. The block is turned upside down so 
that AB is horizontal and eastwards, and BC is horizontal and north- 
wards. Give the direction cosines of all the edges, referred to axes 
eastward (Ox,), northward (Ox,) and upward (Ox;). 
(4) With respect to rectangular axes through O, A is (0, —8, 6), B is 
(6, 0, —8), C is (3, —4, —1), ἢ is (6, —8, —2). Find the direction- 
cosines of vectors OA, OB, CA, CB, DA, DB; and comment on the 
results with the aid of a diagram. 
(5) An exposed object is subject to a wind force which is expressible 
in Ibf (pound-force) with respect to axes east, north and upwards as a 
row-vector (24, 32, 9). Find the magnitude of the force, and the cosines 
of the angles which it makes with the axes. Express also as a row-vector 
a force of 200 lbf in the same direction as before. 
(6) (Data as in question 5.) 
What is the inclination of the wind-force to the horizontal plane? If 
this force is equivalent to a single horizontal force H Ibf together with 
a vertical force V Ibf, give (a) the magnitudes H, V and (δ) the bearing 
of the force H, measured in standard fashion (clockwise from the 
north direction). 


Angle between two vectors in 3-dimensions 


If the directions of two vectors are specified, whether by their direction- 
cosines or direction numbers, the angle between them is definite and it 
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must be possible to calculate it. A simple plan will be to consider two 
vectors OA = a and OB = b, not necessarily of unit magnitude, where 


ay | δὶ 
8. ΞΞῚ ὦ.) and b = b, . 
a, b 


ai 


ee b, -.- μρ. 


Fic, 26 


We know all the sides of triangle AOB, and hence we can use the 
cosine formula to find the angle ¢ ( = AOB) between the directions 
of the vectors a, b: 


AB? = OA? +OB?—20A.OB cos φ. 


But AB? = (a, —b,)? +(a,—b,)* +(a3 —b3)? by Pythagoras’s Theorem 
= (aj +43 +43) + (bj +b} +b3)—2(a,b, +a,b,+a5b3); 
and the other expression 


= (aj +aj +43) +(b?7 +63 +b2)—2 |a||b | cos φ. 


Hence | a|.|b| cos ¢ = a,b, +a,b,+a3b;; a result which is often 
written using a, b for the moduli, i.e. lengths OA, OB: 


ab cos @ = a,b, +a,b, +a3b,. 


From this equation we can always derive the angle between two 
vectors, and in particular between two directions, if we are given them 


I; my 
as unit-vectors I, Ε Ι In this case cos ᾧ = 1,91} +/,m, +133, 
ἰλ Ms 


the cosine of the required angle being given in terms of the direction- 
cosines of the two directions. The reader should verify this result also 
by pure geometry: see exercise 7c, question 13. 
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Algebraic formulation 


In accordance with our rule of not letting the geometry run the 
algebra, but only illustrate it, we proceed by defining in algebra: 


a,\ | by 
(i) The inner product (or scalar product) of two 3-vectors Ε Ι | ὃ, | 
a3} \b3 


is defined as a,b, +a,b, +435, with a similar definition for vectors of 
any order (so long as a and b are of the same order, e.g. for two-vectors 
a,b, +a2b). 

(ii) Two vectors are said to be orthogonal if their inner product is 

zero: for 3-vectors this would give us cos ¢ = 0, so that the vectors 
are at right angles. 
(Note: The formation of an inner product from two given vectors a, b 
of our system is an example of a law of combination; but notice that 
the product is a number, not a vector. This is therefore a process not 
in the pure algebra of vectors, but only in an extended system which 
has numbers as well as vectors.) 

Since the term ‘product’ has been used, the reader will not be sur- 
prised to see the notation a.b for a,b; +a2b, +433. 

Thus | a||b|cos ¢ = a.b, and in particular cos ¢ = 1.m, where 
|, mM are unit-vectors (as the ‘hat’ notation indicates). The components 
of | are, of course, the actual direction-cosines 1,, I>, 13. 

The condition for orthogonality of vectors, whatever their moduli, is 
a.b = 0; but notice that in geometry a.b = 0 only implies that the 
vectors are at right angles if neither has zero modulus. 

(Note: Owing to the notation the scalar product is sometimes known 
as the ‘dot product’ of vectors. It is clearly commutative. The dot 
must never be omitted.) 


Worked examples 


(a) A tetrahedron has as horizontal base an equilateral triangle BCD 
of side 3,/3, and the edges AB, AC, AD are all 5. It is placed on a 
table with CD lying northward and B towards the east. O is the centre 
of the base. The axes Ox,, Ox,, Ox; being east, north and upwards, 


t The term orthogonal, as an algebraic term, can be used for vectors of order 
greater than 3. 
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give direction numbers for GA, GB, BA, CD, where G is a point one 
unit vertically above the centre of the base. Hence (i) verify that 


—= << os 
BA, CD are at right angles, (ii) find AGB. Show that the sum of 
vectors from G to the vertices is zero. 


Fic. 27 


Solution: Take O as centre of the base. Then OB = OC = OD = 3 
and AO = 4. 
Position-vectors with O as origin are: 


0 3 
GA=-gta=|0], GB=-gtb=| 0 
3 rat ἢ᾿ 
Ra me CD is parallel to O d its directi 
BA = —b+a=| OO}, pa Ο Ox, and its direction 
4 numbers are 0, 1, 0. 
We see that 


BA.CD = (—3)(0)+(0)(1)+(4)(0) = 0 = orthogonality, 
and GA.GB cos ¢ = (0)(3)+(0)(0)+(3)(—1) = —3: 
i.e. 3/10 cos φ = —3. 

"ἢ 


πο 


Therefore cos ᾧ = 
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(b) Find direction numbers for a direction which is orthogonal both to 


| 3 
A= 2} andto b=| --4 ]. 
—] l 


Solution: We require numbers p,g,r such that p+2q—r=0 and 
3p—4qt+r = 0. 

By addition, 4p—2q = 0 => q = 2p. 

Hence r = p+2q = 5g. 

We may take p = | and get numbers 1, 2, 5. 


l 
If we write c = : it is clear that a.c = 0 


5 and a.b = of check. 


EXERCISE 7¢ 


(1) A missile is said to ‘vector’ on a target when it has full information 
about the position of the target with respect to itself as origin. At a 
certain instant this information is, with respect to certain axes, the vector 


8 15 \ 
Ἂ and the missile’s velocity is given by the vector 3 ' 

6 0 

Calculate the angle between these two directions. 
(2) A vertical mast is supported by three equal stay-wires (which may 
be treated as straight), all attached to a point P 100 ft up on the mast, 
and on the ground to points A, B, C all 50 ft from the foot F of the 
mast and symmetrically around it. For safety the wire PA is now 
replaced by another longer one PD, such that PD is perpendicular to 
both the other wires. How long is FD? (Hint: With P as origin, take 
axis Ox, downwards and Ox,, Ox, horizontally, the latter in the plane 
of symmetry.) 


The reader should check his solution by the geometry of the figure 
projected onto the meridian plane. 


ay I 
(3) Given a = Ε ,i= ( 


dy 0 
(i) Prove 8.8 = |a|*; i.j = 0; ii = 1. : 
(ii) Prove a.i = a,; and state similar results involving k. 
VMLE C 


and j, k similarly: 
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lay 3 2 | 

(4) Given a=|a,},b=|-1],c= [2], verify that a.(b+c) = 
a; 2 4S 


a.b+a.c. Establish this result (distributivity for dot product over 
vector addition) in general for 3-vectors. 

(5) Two boys compared their marks after examinations. They were 
as follows: 


English French Mathematics Science 
Boy A 80°% 50°% 70% 60°% 
Boy B 60°% 40“, 80% 80°% 


They wished to decide (i) which had done better, and (ii) to what 

extent their abilities lay in different directions. Treating rows of marks 
as vectors (a, b) of a space, try to obtain answers to these questions. 
Discuss the validity of the assumptions made in such a treatment. 
(6) In mechanics the work done by a constant force F which moves its 
point of application by a displacement 5 is defined either as F.s or as 
| F || s| cos ¢ where ¢ is the angle between the directions of Ε and s. 
Why can these definitions be regarded as equivalent? Show that the 
work done is the (scalar) sum of the works done by the component 
forces, ie. by F,i moving through s,i, and so on, where 


δὲ 
|and 5 -- 5.5. 
53 


(7) Verify directly that the extended distributive result d.(a+b+c) = 
d.a-+-d.b+d.c is true for the case where a = pi, b = gj, ¢ = rk. How 
could the extended result be proved in general, assuming it is true for 
d.(a+b)? 

(8) Establish the following theorem: 


If non-zero vectors a = ΠῚ P= i) are orthogonal they are 
2 2 


F = 


Fy 
F, 
F; 


linearly independent. 

(Hint: Suppose that they are dependent, i.e. 2 and μ exist not both zero 
such that λα -Ἔ μὴ = 0: form the inner product of a with both sides. A 
contradiction will show your supposition to be false.) 

(9) Expand (a+b).(a—b), using the distributive law. Hence show that 
if two vectors, which are neither equal nor opposite, have the same 
modulus, their sum and difference are orthogonal. What light does 
this throw on the properties of a rhombus? 
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(10) Express all the direc- 
ted lines in the figure in 
terms of p,q,h. Given 
that BHLAC and 
CH | AB, express these 
data in vector form and 
deduce that AH 1 BC. 


Fic. 28 £ ] ς 


(11) Prove the theorem of exercise 7a, question 6, using the result 
| x—a |? = (x—a).(x—a). ; teed 

(12) A cubical box has ABCD as one face and AA’, BB’, CC’, DD as 
parallel edges. X is the midpoint of the face A’B’C’D’, Y the midpoint 
of the edge B’C’ and Z the midpoint of the edge BC. Find the cosines 


of the angles YAZ, ZAX. 4 XAY. Express the volume of the tetrahedron 
AX YZ as a fraction of the volume of the cube. 


(13) The figure shows the 
two 3-vectors a,b with 
moduli a, b and direction- 
cosines (,, ἰχ, 13), (™m,, m3; 
m;), the angle ᾧ between 
them being acute. By pro- 
jecting on to the line OB 
the vectors of the equa- 
tion OA=OP+PQ+ 0A, 
establish the result cos ᾧ 
= /,m,+/,m,+/1,m3. 


ΖΙ 
Ι 
| 
| 
| 
| 
Ι 
| 
| 
| 

| 
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State the geometrical theorem for projections which you would need 
in order to prove the result for any figure. 


chapter 8 
VECTOR GEOMETRY: LINES, PLANES, SURFACES 


8.1 What is a straight line? 


Since our procedure is to define our terms algebraically and to regard 
geometry as an embodiment of our algebraic ideas, we must be able to 
do this consistently from the beginning: we do this by regarding all the 
points in a given (geometrical) space as derived from our vectors such as 


1 
b = | b, | etc, with the operations and laws which these have. 
bs 

It follows that we get a set of points if we give different values to the 
number ¢ in the vector expression tb. Such a set of points is called a 
line (formerly called a Straight line).t Every value of t gives exactly one 
point on the line and vice versa. A number ἢ which acts in this way in 
geometry is called a parameter. One particular value, t = 0, gives the 
zero vector: this shows that we only derive lines through the origin by 
this method. 

To get a parametric form for any line, we only need to start at some 
chosen point 4 in the line and push out, as it were, from A to a variable 
point X, where AX = tb. Then the position-vector of Y is OY = 
OA+AX, ie. x = a+tb. 


ΙΧ} 


Fic. 30 


—_— eS SSeS Ζ τὰ τς 


t We distinguish a ray or half-line (e.g. for which ¢ > 0) from a line-segment 
(e.g. t; < ¢ < #,) and a line for which ¢ takes all values, 
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The vector b gives the direction of the line, and can if desired be a 


unit-vector | = : where /,,/,,/, are direction-cosines. Thenx = a+, 
xy ay Ι᾿, 
x 9 = az + [ Ϊ 2 


ls 

where ¢ is now the actual distance AX; 1.e. 
ne a3 3 

so that x, = αι ἜΠ|1; Χμ = a2 Ἐ11.; X3 = αν 111. 


The third result is shown in Fig. 31 in the form x;—a; = tcos 03, 
since AX = f. 


——_— SS SS iS 


Worked example 


To find in the parametric form x = a+/l, the line joining A(l, —3, 2) 
to C(4, 1, 14), and two points on it at distance 6} units from A. 
εἰ 3 I 3 


Solution: The vector AC (or e—a) is | 4) of modulus 13. 
12 
Thus AX, the vector to any point on the line, has direction-numbers 


ite x = —3+41 
2, and we can write x = a+/| 4], or x, 3+ 
er 12 24128. 


If we wish the parameter to be actual distance we use the direction- 


3/13 3 3/13 
cosine vector} 4/13 ]and writex =| —3|+ s| 4/13 
12/13 2 12/13 

In full co-ordinate form this would be: 


δ 
τω 
Ι 


- 


35 


4s 125 
13 ᾿ 


13° x3 =2+-3- 
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Less usefully: 
x,-1 _ x2 +3 _ X3—2 ; 5 
ot lem atiiges- ab each equal to:t:or = ᾿ 


Points on the line distant 64 units from A will be given by writing 
s= +6}, ie. (§, —1, 8) and (—4, —5, —4). 


EXERCISE 8a 


(1) Find in form x=a+/l the equation of the line joining 
A(—5, 1, 7) and B(—1, 3, 3). Find a point P on the line distant 
6 units from A on the side opposite from B. 

(2) With the data of question 1, find the point Q which is 9 units from 
B on the side opposite from A; and also R, the midpoint of PO. What 
is your f-value corresponding to R? 

(3) Show that any point of AB (in question 1) can be written as 
a+i(b—a). State the positions of the points which are given by writing 
t = 0,45, 2,4. Find the value of ¢ which gives the point 1 (4a+ 3b) 
and explain the relation of this point to A and B. 

(4) Points S, Τ are obtained by writing s, 1 for the parameter / in the 
line x = Aa; points S’, J’ are obtained by writing 5, ¢ for yu in the line 
x = pb. Show that SS‘, TT’ are parallel: compare their magnitudes, 
and comment on the result. 

(5) In the triangle ABC, show that the median from A can be written 
a+4t (b+c—2a). Which special point is obtained by writing t = 1? 
Show that the point given by ¢ = 2 also lies on the other medians. 

(6) Show that the lines joining (6, 3, 4) to (—3, 0, 1) and (—7, —3, 8) 
to (1, 1, 4) intersect in the point (3, 2, 3). 

(7) Find the foot of the perpendicular from the origin on to the line 
joining (5, 3, 5) to (8, 4, 7). 

(8) Show that the perpendicular distance from the point (9, —11, 17) 
to the join of (7, 2, 4) and (11, 3, 3) is 18 units. 


What is a plane? 


We shall consider first a plane through the origin. We have a clear 
geometrical picture of such a plane. By the vector approach, the points 
of the plane are given by their position-vectors, and these are derived 
from two base-vectors, e.g. a, b, every point being expressible as λὴ-Ἐ yb. 
(Euclid regarded a plane as defined by two distinct lines in it, and this 
is what we have here.) 
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An important property of a plane is that it has a unique normal at 
any point P: a line through P which is perpendicular to every line in 
the plane. We evidently have here a tremendous bonus, for we have 
no right to expect such a result. (We saw in section 7.3, worked 
example (δ), how to find a direction perpendicular to any fwo given 
lines; but it appears now that when this has been found this direction 
has the property of being perpendicular to a// the lines coplanar with 
the original two.) 

In algebra this ‘normal’ property follows at once from the distributive 
law for our vectors: 

Suppose we have a direction | orthogonal to the vectors a and b: is 
it true that 1 is orthogonal to Aa+ yb for all A, μ7 i.e. is it true that 
l.a=0Oand 1. Ξεῦ => I.(Aa+pb) = 0? Clearly the answer is yes, 
because the expression equals Al.a+-sl.b. 

This approach gives us a neat way of writing the vector equation of 
a plane through the origin: if the normal is written ἢ (a unit-vector) 
then a point with position-vector x will lie in the required plane pro- 
vided that x.fi = 0, i.e. in co-ordinate form x.m,+x2n,+2x3n3, = 0 
(in which direction-cosines could be replaced by direction-numbers). 

In a similar way a plane with normal ἢ, passing through a given 
point A (with position-vector a) is given by (x—a).fi = 0. 

This may also be written as x.fi = a.fi or χ.ἢ = ἢ, where ἢ is a.f, 
the projection of OA in the direction fi. 

Notice that the equation x.fi = A is satisfied by every vector x such 
that OX cos ¢ (see diagram) is equal to h, which we identify as the 
length of the normal from O to the plane—counted positive if it is in 
the direction fi, or negative if in the opposite direction. 
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Notice that our equation of a plane is not a parametric equation but 
a locus-equation—a condition to be satisfied by the appropriate values 
of x. 


Worked examples 


(a) A plane is normal to the line with direction-numbers 1, 2, —2, 
and the perpendicular to it from the origin is 6 units long (drawn in the 
sense given by the numbers 1, 2, -- 2). Find where the plane meets 
the axes. 


Solution: Since 17+27+2? = 9, the direction-cosines are 7 4 -: 
and the equation x.fi = 6. 
a 
If | 0 | satisfies, we have an, = 6, i.c. a = 18. 
0 


Similarly, bn. = 6 gives ὃ = 9, and finally ὁ = —9. 
Notice that the trigonometry of this question gives us a new picture 
of the direction-cosines: the plane cuts off a, δ, c from the axes, and 
the cosines are seen directly from the figure to be n, = cos θ᾽ = τ᾿ 


h P 
Mz’ C080, = 73 and n; = cos 0; =*, 
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(6) Two planes through the origin have normals in directions 1, 3, 2, 
and —1,1,2. Find the direction-cosines of their line of intersection. 
-] 

1 }. 


1| 
Solution: Write a = E » b= 
2 : 
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We have x.a=0 ie. 2%x,+3x,+2x,;=0, and _ similarly 
—X,+%2+2x3 = 0 τὸ 4x,+4x, =0 ie. x3 = —x, and x, = 


X% +2x3 = — Xo. 


Thus x, :%,:x;=1:-1:1; ie. the direction-cosines are 
I - 1 


v3 V3 V3 


, or the same with reversed signs. 


EXERCISE 8b 


(1) Show that the line joining (2,0, —3) to (6, —2, 1) is bisected at 
right angles by the plane 2x—y+2z = 7. 

(2) Find the image of the origin formed by reflection in the plane 
2x+6y+3z = 49. 

(3) Find the equation of the plane through (1, 0, —1) at right angles 
to the planes 2x+5y+z = 0 and x—2y+2z = 0. 

(4) Find the equation of the line of intersection of the planes 
x+y+z = Ὁ and 3x—4y+5z = 5. 

(5) Show that the three planes x +2y—2z = 0,4x—y+z =9,y+z =3 
are mutually perpendicular, and find their point of intersection. 

(6) The perpendicular from the origin on to a plane z is 13 units long 
and has direction-numbers (correct for sign) of 4, 12, 3 respectively. 
Write the equation of the plane in two forms, and find its intercepts on 
axes. 

(7) (Continuing question 6): Find (i) the Cartesian equations, (ii) the 
direction-cosines of the line L, where x meets the plane x,Ox,. Hence 
find the direction of a line L, in x, which is perpendicular to ἢν. 
(Hint: The line L, is also L to the normal.) 

(8) Two planes have normals in directions 2, —2,1 and 3, 5, l. 
Find direction-numbers for the line of intersection, and also a para- 
metric equation for this line if it passes through the point (—1, 4, 2). 
(9) Show by two methods that the co-ordinate equation of a plane 


te Ἀἢ Ζ 
making intercepts a, b, c on the axis is 454° ig 2 


A regular octahedron has vertices (+a, 0,0), (0, +a, 0), (0,0, +a): 
find the direction-cosines of the outward normals to its faces, and the 
distance from the origin to a face. 
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8.3 Various techniques with lines and planes 


In the previous section we considered a plane through the origin in 
some detail, in the forms: 

(a) x.fi = 0 where ἢ is a unit-vector normal to the plane. Note that 
—fi can also be used. This is not parametric in form. 

(δ) x = pa+qb (a, b linearly independent) which can be described 
as a two-parameter form, since every pair (p,q) of values of p and q 
gives a point on the plane and vice versa. Notice that in the case in 


Ρ | 

which a, b are i, j, we have x = pi+gj =| q |. This means that every 
0 

point in the plane x,Ox, is specified by its pair of co-ordinates 


= P, Χχ = q- 

When considering a plane not through the origin we wrote x.f = ἢ; 
the reader will readily extend form (6) into x = pa+gb+e, where ς is 
the position-vector of some point C on the plane. 

The necessary and sufficient conditions for the plane defined by 
(δ) to be the same as that defined by (a) are seen from the geometry to be: 

(i) a, ἢ orthogonal (ii) b, ἃ orthogonal (iii) ς. ἢ = h. 

(Hint: Use (iii) first.) 

The reader should verify these by means of a figure. Sufficiency 
means (i) (ii) and (iii) => the planes are the same; while necessity 
means that ‘the planes are the same’ => (i) (ii) and (iii). 

We shall not consider here an algebraic treatment: it is enough that 
we should rather expect three linear (‘length’) conditions to arise where 
ἃ point is specified by three ‘lengths’. 

Numerical examples on intersections of lines and planes are usually 
done most easily by a combination of vector and co-ordinate methods, 
The vectors give concise notation, but calculation must be done with 
components, i.e. co-ordinates. 


Worked examples 


(a) Find the point of i ae of the line PQ and the plane through 
A with normal given by —4, 2, 2, where A is (0, 10, 23), P is (2, 0, 5) 
and Q is (5, 12, 9). 
Solution: The plane is x.fi = A where ἃ. ἢ = hn 

ie, —4x,+$x,+2x; =0+2.10+2.23 = 

or —X,+2x,+2x,; = 66. 
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3 

The vector PO is q—p = | 12 | and the line PQ is p+¢(q—p) = 
4 

0 12 |; i.e. for the required point | x,} =| 12¢ 

5 4 X3 S+4t 

Then, by substitution: 


—(2+3t)+24¢+104+81 = 66, ie. 29) = 58 => ¢ = 2, 
and the point required is (8, 24, 13). 
(b) A line through the origin with direction-numbers 0, 3, 5 meets the 
plane through P(6, 1, 14) which has normal in direction 1, 1, —2. Find 
the point of intersection. 
Solution: We will first do it by a general vector method. 


0 6 
Write a =| 3], so that x = fa is the line. Write p=|{ 1] and 
5 14 
] 
b= 1 |, so that the plane x.b = / where ἢ 5 such that p lies on the 
—2 


plane; i.e. x.b = p.b. (Note: b has not here been made into a unit- 
vector.) 

Then, given x = fa and x.b = p.b, we are required to find the value 
of ¢t. With only one piece of information required we can afford to 
substitute.? 

Thus, ta.b = p.b, which gives f: 

t1(0+3—10) = 6+1—28, ie. —7¢ = —21 > t =3 


and this gives the point as (0, 9, 15). 
iat using numbers and co-ordinates from the start: 


L )=[ 8 is to satisfy a plane of the form x, +x,—2x,; = k, where 
ΧΆ 


k is such let 6, 1, 14 satisfies it; 1.6. Κα = —21. 
Then 0+-3t—10¢ = —21 <> ¢ = 3, and the point is (0, 9, 15). 
(c) Two planes pass through the point A(5, 0, —1) and have normals 
given by direction numbers 2, 1, 3 and —1, 0,1. Find the direction of 
the line of intersection and express the line in parametric form, with 
t = Ὁ to represent A. 
t A scalar equation gives only one piece of information. 


68 VECTORS, MATRICES AND LINEAR EQUATIONS 


Solution: To find the direction required, we can transfer to parallel 
planes through the origin, i.e.: 


2x+y+3z = 0 
—x + z= 0. 
For all the common points, x = z and y = —2x—3z = —5x; i.e. 


x :y:zZ=1: —5: 1, which are the direction numbers required for 
the line of intersection. They also apply to the original line, which can 


x 5 i 

therefore be written as |y}=| O|]+7]—5], ie. x = 5442; 
Ζ -Ἰ 1 

y= —5r; z= —l]+¢. 


EXERCISE 86 


(1) Of the two pairs of lines given below, one pair intersects while the 
other does not. Investigate which is which and find the point of 
intersection. 

2 2 Ϊ 

6 χε] -3)] ἘΜ| 0 

͵ xe [-a) eal 


@ ἜΣ 
1.8}. 


l 
eRe 
(Ὁ) x=|-l|+s 
4 
(2) Find the equation of the plane, normal to the vector with direction 
numbers 3, 4, 5, passing through the point (1, 1, 1). What would be 
the plane normal to the vector with direction a, b, c, through the same 
point? 


I 
(3) A plane is defined by the vectors Ξ 


I 4 


—2 
and | 5 and the point 


(2, —1, 3). Find where the line x = 


] 3 
j + Ι ' meets this plane. 
4 -Ἱ 


(4) Two planes x+3y—z = 4and 2x—y+z = 10 meet ina line. Find 
the direction cosines of the line. 
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(5) The diagram shows a section of a surface in the neighbourhood of 


= 
- 


Fic. 34 


a point P(2, 1,4). The tangent plane intersects the plane y = | ina 
line of gradient 4, and the plane x = 2 ina line of gradient 1. Find the 
equation of the plane. This figure gives an interpretation for = ἐδ 
at the point P. 
(6) The vertices of a tetrahedron are A(0, 3, 2), B(4, 0, 1), C(—1, 1, 3) 
and D(2, —1,0). Find the direction-numbers of the vector perpen- 
dicular to the plane BCD, and hence write down in vector form the 
equation of the perpendicular from A to BCD. Do the same for B and 
plane ACD. Do these perpendiculars meet? 
(7) Find the equation of the plane through the point (2, 1, 3) perpen- 
dicular to the line joining (2, 1, 3) and (4, 0, 5). What is the distance of 
(3, 1, 5) from this plane? Is this point on the same side of the plane as 
the origin? 
(8) Show that x = pa+qb+rec is a plane through the points with 
position-vectors a, b, ς {ΠῚ p+q+r = 1is satisfied by the chosen values 
Ρ. 4.1. (Hint: x—a,x—b, x—c are coplanar if a condition is satisfied 
which can be written as A(x—a)+p(x—b)+v(x—ce) = 0.) 
(9) Consider some results in plane co-ordinate geometry of the straight 
line: 

(i) parametric form x = a+tcos 0, y = b+tsin 0; , 

(ii) the ‘a, p’ form, where « is the slope of the normal to the line, 
viz. x cosa+y sing = p. 

+ A short notation for ‘if and only if’. The reader is to prove the implication 
both ways. 


8.4 
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The reader should look closely at these forms in the light of the 
vector work done in sections 8.1-8.3 and discuss what takes the place 
of our 3-dimensional direction cosines when we work in two dimen- 
sions only. 

(10) Restate the locus equation ax+by = cin a form involving a scalar 


product. The vector (*) = r may be taken as the position-vector of 
a point on the locus: what interpretation can be given to (i) the vector 
(7) (ii) the vector with components al./a* +b?, b/./a® +b; (iii) the 
value of c/,/a*+b*? 


Two lines in space 

Let A, B be two points given by position-vectors a, b, and let x = 8- οἷ 
and x = δ΄. ἐπὶ be two non-parallel lines in space. In general they 
will be ‘skew lines’, i.e. they will not meet: the condition that they 
should do so is that s and ¢ exist such thata—b+sl—tm=0 ...(E) 

We can interpret this result thus: if we draw directions 1 and m through 
any chosen point in space, e.g. the origin, then 5] -- ἐπὶ is a direction in 
the plane containing 1 and m. In fact, if we let s and ¢ have all values we 
shall get this whole plane z-parallel to the two given lines. Equation (E) 
then expresses the fact that the join of A to B is parallel to this plane. 

If, on the other hand, there is πὸ meeting of the lines, then a—b is 
not parallel to x and AB will meet π and any plane parallel to it. In 
particular we can draw a z-plane through the midpoint Καὶ of AB. 

The situation at this stage is shown in figure 35. It is clear that we 
can always draw such a plane, given A, B, 1, m, even if the lines AP, BO 
actually meet, but it is when they are skew that this plane is particularly 
useful: in fact, to deal with skew lines one often contrives to take this 
as the co-ordinate plane x,Ox3. 

A surprising result is that we get the same plane whichever pair of 
points we take on AP, BQ. As we defined it we obtained k+J1+ um, 
where 4, u have any values; i.e. }(a+b)+Al+ym, a plane given in 
two-parameter form. 

If, however, we had taken points a+sl,b+ém, we should have 
obtained }(a+b+sl+tm)+/'1+y'm, which is the same plane because 
the point obtained by putting A, in the first is the same as the point 
on the second for which 2’+4s = Ὁ and p'+4t = μ. 

The plane could very well be called the mediant plane of the skew 
lines. 
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If we visualise the mediant plane z as horizontal, then AP is a hori- 
zontal line above x and BQ a horizontal line below it. By projecting 
down (and up) we can obtain two lines in the plane x and in general 
these will meet (1.6. always, unless 1, m are themselves parallel, which 
we assumed at the start not to be so.) 

The new figure which emerges reveals that we can find in this way a 
cross line RS from AP to BO which is perpendicular to x and conse- 
quently to both lines. 


Fic. 35 


If we take co-ordinate axes through O, the midpoint of RS, with 
Ox,, Ox, bisecting the angle of 1, m, and Ox, along OR, we can write 


5. COS & ft COS o | 
RP parametrically as | s sin « | and SQ as | —¢ sin a | where 2α is the 
h —h 


angle between I, m and 2h is the length of RS. 

We now verify that every midpoint of a crossline (e.g. of PQ) lies in 
x,Ox, its co-ordinates being (s+tcos a, s—tsin α, 0). 

It should be noted that if 1 and πὶ are themselves orthogonal there is 
nothing gained by using the bisectors as axes: we still use the mediant 
plane, but take Ox,, Ox, parallel to 1, m so that the parametric forms 


“iil 


Worked examples 

(a) Prove that if a tetrahedron has two pairs of opposite sides perpen- 
dicular then the third pair are perpendicular. Take the vertices to be 
S, Τί U, V, where ST, UV are 1 and also SU, TV. Take the mediant 
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plane of the first pair as x,Ox, where Ox, is the unique line perpen- 
dicular to both. Then we can write the points S, 7, U, V as 


ΠΕΙ͂Ν 


Then SU . TV <= st+uv+4h? = 0. 


Ss t 
Also, SV is| —v] and TU is| —u }, 
2h 2h 


therefore st+uv+4h? = 0 < SV LTU. 
(6) Find the parametric equation of the line of intersection of the 


l —2 
planes χ. [2] ΞΞ- 5 andx.| 2]=1. 
2 l 


x 1 +2x,+2x; = 
—2x;+2x,+%; = 0. 

Then for a point of intersection of these we et, 3x, +x, = 0. 
Thus if x, = 1,x; = —3 and by substitution x, = ὃ, Le. cleared of 
fractions, 2, 5, —6 are solutions, and the line is 


ay 2 ay 
X=|a,|+t{| 5] where | a, 
a; —6 a 


Taking a, =0,wehave a,+2a, = 


Take parallel planes through O, viz. 


is any point on the two given planes, 


—2a,+2a, = 1 
4, = 5%, a=. 
4/3 2 4/3 +2t 
Therefore the lineisx =| 11/6] +14] 5 11/6+5¢}. 
| 0; ᾿- | — 6 | 


The reader may notice that writing a; = 1 gives a, = a, = 1 but 
one could easily miss this. 


I 
If we write ¢ = —4+ in the result given, we get | ] | 

l 
1+2s 


1+5s }. 
Ι --ας 


and the simplest form of answer is 
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EXERCISE 8d 
1 | l 2 4 
(1) Show that the lines x =| 0] Ἐ1|1] and x =| —-1]+5]6 
—] l 3 "1 


intersect. Give the parametric equation of the common normal at the 
point of intersection. 
(2) Find the least distance apart of the lines 


] l 2 
x= 711] and x =|3] +s] 21. 
0 | 1 


(Hint: If P, Q are any points on the respective lines, find their para- 
meters so that PQ is orthogonal to both lines.) 
(3) Find the parametric equation of the line of intersection of 


Ϊ [2 
χ.}1} τ Ὁ πὸ χ. 3]:] 
Ϊ 0 


(4) The plane containing a, b has a normal in direction n. Prove that 


Ny ΜΠ ier , 65 4 |, 
1.5} 1:3 b b. b 
2 53 3 Dy 


(5) Given a, b, ¢ the position vectors of A, B, C, form the position vec- 
tors of (i) M, the midpoint of BC; (ii) K in AM such that AK = 2 AM. 
Hence show that the medians of the Δ ABC concur. Prove similarly 
that in any tetrahedron ABCD the lines joining vertices to the centroids 
of the opposite faces concur. 

(6) A plane has a perpendicular distance p from the origin. The nor- 
mal from O towards the plane has direction cosines /,,/,,/,.. The inter- 
cepts cut off from Ox,, Ox, Ox; by the plane are a, b, c (with due 
regard to sign). Show that p = al, = δ]. = cl, and hence or otherwise 


ay α2} 
δι δχ}" 


that the equation of the plane is = To =". 
-4 
(7) (i) Show that the line x = | -- 3} ἘῚ : can be written in the 
l 


4 +3 —] 
form = = aa = =; . Hence or otherwise show that: 
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(ii) two planes containing the line are: 2x-—3y—1 = 0 

y+ z4+2=0; 

(iii) any plane containing the line can be written in the form 
k(2x—3y—1)+k'(y+z+2) = 0, where the ratio k to k’ is suitably 
chosen. 

(8) (Continuing question 7) The line L, has equation 


Find the equation of a plane which contains L, and is perpendicular 
to the plane z with equation x+y+z = 0. Hence show that the pro- 
Ζ 


x 
jection of the line Z, on plane is the line 5 =V= ττ’ 


8.5 Vector equations of some surfaces 


The sphere: Clearly |x| = R is the equation of a sphere with centre 
O and radius R. It can also be written x? +x3+2x3 = R?. 
The points on the sphere for which x, = / are given by 


χε εχξ = R?-/ 
x,=h 


(a circle) 


If we were to omit the second condition, x, would be unlimited and 
we should have a circular cylinder with axis Ox;. 

A sphere of centre A would be | x—a] = Κα 
or (x, —a;)? +(x2.—a,)*+(x3—a3)* = ΚΞ. 


A simple (i.e. right circular) cone with vertex at the origin 
The vector x is required to make a fixed angle with a given line I (the 
axis of the cone), thus: 

ΧΟ =|x||1| cosa; or x.l = |x| cos if] is a unit vector. 


In Cartesian form, by squaring we have: 


(χ εἰ, +Xql,+X3l3)? = (xf +3 +23) cos? a. 
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This is a homogeneous equation, and if (x,, x2, X;) is a point on it, 
SO iS pX,, PX2, PX3, a fact which is equally well shown by the vector 
equation. 


EXERCISE 8e 


(1) Find the radii of the circles in which the sphere | x | = R cuts: 
(ἢ x.1 = p where ἷ is a unit-vector and p < R; 
(ii) x.1 = |x| cosa. 

(2) Describe the loci given in terms of a parameter ¢ by 


acost acost acost 
(i) esas} (ii) ἴ in) (iii) ἶ | 
| h ht 


a a = dx 
In each case express x in terms of i, j, k and ¢; and also express = 


in similar form. Show that for one of these loci the vectors x and 


dx | 
ah are always orthogonal. 


7 ff sas d 6, dv, Ἄ dv ὲ dv, 
By definition 15: - ΣΕ wk 


(3) A beacon B on the top of a cliff of height 4 above the sea projects 
light in all directions within a cone which includes in its surface the 
lines Bx,, Bx,, Bx3, running due east, due north, and vertically up- 
wards from B, If the direction of any ray from the beacon is given by 
unit-vector |, obtain an inequality governing its components, /,, /,, /3. 
Show that points at sea level from which light is just able to be 
received lie on one branch of a rectangular hyperbola, and find the 
nearest such point, measured from the cliff foot below B. 
(4) X is a point such that OX makes an angle of 45° with the axis Ox). 
Give an equation which is satisfied by x, the position-vector of X. 
(Tint: Use unit-vector i.) Give the locus of X in Cartesian form. Show 
that if (%,, x2, x3) satisfies the equation so also does (kx,, kx, kx3). 
In what curve does the locus cut the plane x, = 1? 


8. 6 
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0 1.5 
(5) V is the point with position-vector| 0] απ 1 - 0 |. The 
a’ 2/5 
2 


point X is such that VX makes an angle 0 with 1, where cos θ = 75: 
Show by a geometrical argument that X lies on the surface of a cone. 
Obtain the locus (i) in the form (x—v).] = k | x—v| where k is a 
numerical constant; (ii) in Cartesian form. 

Hence show that the cone intersects the plane x, = 4 in points which 
satisfy the equation x} = 4x3. 
(6) Explain why the following implication is irreversible: 


x. = |x| cosa => (x,1,+x2/,+X3l3)? = (x? +x3+.x2) cos? a. 


Interpret this fact in terms of the loci which the equations represent. 


Equivalence classes at work: a logical appendix 


Vector algebra is a complete and consistent system. When we apply it 
to geometry we have to appreciate, as has been discussed in chapter 2, 
that a is a symbol for a whole class of equal and parallel displacements, 
of which we may use only one or two in our geometrical figure: but if 
this is the situation, then an equation such as a+b = ¢ represents a 
highly complicated situation in geometry. We are forced to regard it 
as representing every directed line of type a, each with a suitable line b 
added to 11. In order to write a unique class-symbol ¢ for the result 
we must know (i.e. in fact postulate, if we are building up our geometry 
on the algebra) that the results are all equal and parallel and conversely 
that all the c-lines can be formed in this way; in short, that addition by 
classes yields a class. This type of class operation is known in other 
situations in algebra itself and is called compatibility of classes under an 
extended operation. We shall consider some examples, and (as always) 
a counter-example, to make this clear. 

We discussed in chapter 2 the case of equivalence classes of integers 
to a modulus. A very easy example to handle is modulo 10, which 
regards as equivalent all denary numbers with the same final integer, 
en. & ISDE, 

Τ᾿ This shows that there is still a logical loophole, requiring a deeper treatment 


to dispose of it: addition of directed line-segments is not here well-defined, i.e. we 
are not able to add any pair. 
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It is readily seen that such classes are compatible under extended 
multiplication, e.g. denoting classes by C,, C2, C, etc. 


ch Ἂν, ἘΦῊ 5, ΑΔ ν ote 
213, 12Χ13, BE os oles 


C2*C3=15 593... 


= C, 


Remember that the basis operation stated is for the members of a 
class. We shall now show a counter-example. The operation * applied 
to two numbers consists of adding the digits of each, and multiplying 
the results together; for example, 11 κα 13 = 8. 

If applied to the modular classes it gives discrepant results, e.g. 
253 = 6and 12 «3 = 9, so that it is not true to write C, * C; = some 
class C,.. 


A final exercise 


The reader should verify that on the other hand the operation *, when 
carried out on integers modulo 9, is found to be compatible with the 
equivalence classes Cy, C,, etc., to Cs. This method (‘casting out the 
nines’) has in fact been used for more than 300 years for testing{ 
accuracy of multiplication. For example, 243 is of class Cp, and when 
multiplied by anything it should give a class Cy) number, since 
Ch «Cy = Cp. 

It is worth a comment in conclusion that the idea of an equivalence 
class underlies many situations, notably geometrical proofs of Euclidean 
style based on a figure. The figure is assumed to be a fair representative 
of all the figures which could be drawn. Whenever, in any context, we 
use a particular instance as a basis for a general argument we are 
assuming that all possible cases are like the example in all the respects 
which matter, i.e. it is claimed that an equivalence exists. 


EXERCISE 8f (Miscellaneous) 
(1) The vertices of a tetrahedron are A(0, 0,0), B(4, 3, 0), C(0, 5, 0), 
D(4, 2, 4). Find (i) the angle between the lines AC, AD; (ii) the angle 
between the planes ABC, ABD; (iii) the volume of the tetrahedron. 
(2) Find the equation of the plane which passes through the point 
(1, 1, 1) and contains the line of intersection of the planes 
3x—y—z—2 = 0 and 4x+y-—z-5 = 0. 
(Hint: Ifthe planes are P = 0, P’ = 0, what does P+AP’ = 0 represent?) 


t It is a test, not a check. Test fails => product false, but test succeeds 7> product 
correct. 
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(3) Find the equation of the plane which contains the line 


3 l 
x= | 4} + 1| 3] and is perpendicular to the plane 3x+ 2y—z = 0. 
2 


-Ἰ 
(4) Find the equation of the line through (—1, 5, 4) which meets the 
] 2 
lnex=| 3-ὉῸ1] 1 | and is parallel to the plane x +2y—3z = 4, 
-Ἰ —3 


(5) An extensive cloud layer has a plane base. Taking rectangular axes 
Ox, Oy on the ground (supposed flat) and Oz upwards, the cloud-base 
‘ ‘ x y 

meets the ground in the line 507 500 
and a point 6 miles vertically above the origin is also in the plane. 
What is the inclination of the plane to the ground, and what is its 
height above the point (50, 100, 0)? | 
(6) Show that the equation of the line through A perpendicular to the 
plane x.fi = h is x = a+¢f where a is the position-vector of A. Show 
also that the point with parameter = 2h—2a.fi is the reflected image 
of A in the plane. 
(7) Show that there is no finite solution to the equations 

2x + 5X2 +4x, = 8, 

3X, +5x2,+ x3 = 3, 

2x; +3x2 = 4, 
and interpret this result geometrically. 
(8) Show that the homogeneous equation x? +)? +z? = (I,x+/,y+13z) 
represents a cone, where /,, /,,/; are the components of a unit-vector. 
Interpret the cone in relation to the plane /,x+ Ly+l,z = p. 
(9) Interpret the parametric equations: 


(i) 30¢ 
x=/ 0 
401— 161? 


= 1,z = 0, units being miles; 


e sin t 


(ii) e cos t 
A. = 
0 


cos ¢ sin 2, 


(iii) cos f cos 21: 
i. = 
sin ἢ 
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(10) The point A is (0,0, 2), B is (—4, 2, 6), Ο is (6,3, 4) and D is 

(—1, —4, —3). Show that the points are coplanar, and find whether 

AB intersects CD internally or externally. Find also the equation of 

the plane containing the points. (Hint: Form any plane through AB 

and adjust it to pass through C.) 

(11) Find the equation of the line joining the origin to the point 

(1, —1, 2). Hence or otherwise find the equation of the plane containing 
x . x—-1l yptl z-2 

the origin and the lin Se παν sala ν 


6 —2 
(12) Two lines OA, OB are drawn from the origin in the directions of 
l 2 
the vectors 8 Ξ [2], b= Ε . Prove that all lines through O which 
2 | 6 


are equally inclined to a, Ὁ lie in the plane x+5y—4z = 0. 

(13) Find the equation of the plane containing the point (0, 2, —1) and 
the straight line xe = 5 = 3-2z. 

(14) Find the foot of the perpendicular from the origin to the line 
x=7+t, y= —1—4t, z = 5432. 

(15) Find the angle between the planes 6x—3y+2z = 9,2x+2y—z=0, 
and the equation of their line of intersection. 


(16) Solve: 

(a) x—3y+ z=0 (Ὁ x-3y+ z=0 

2x+ y—4z=0 2x+ y—4z=0 

Xx+ y- z=2 

(c) x-—3y+ z=8 (d) x-3y+ z= 8 
2x+ y—4z - 4 2x+ y-—4z= 4 
x+ y- 2-ἢ 24 

(6) x-3y+ z=1 (f) x-3y+ z=1 

2x+ y—4z= 1 2x+ p-—4z= 1 

5x-—8y— z=0 5x-—8y-— z=4 


(17) It is a common task in numerical work to fit a polynomial p(x) 
to given data, e.g. to find a cubic polynomial such that p(1l) = a, 
p(2) = b, p(3) = c, p(4) = d. Since cubic polynomials form a vector 
space of dimension four we solve by forming a suitable basis: the first 
base vector is the cubic ἢ (x) such that /,(1) = 1 and /, vanishes for 
the other three values; the second vector is /,(x) such that /5(2) = 1 
but f, vanishes for x = 1, 3 and 4; and so on. 
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(i) Show that f(x) is for the form ky (x—2)(x—3)(x—4) and 
calculate the required value of k,. 

(ii) Show that ἡ (x), A(x), A(x), (x) are linearly independent. 

(iii) Express the required polynomial as a linear combination of the 
base polynomials /,, 5, /;, f:. 
(18) (a) All the vectors of a certain space V are expressible as pi+gj 
where i, j are unit-vectors and p, q are real numbers. A subset R of V 
consists of all the unit-vectors in V. Explain why R is not itself a 
vector space. 

(5) For any vector r of R we define a real number n(r) such that 
se n(r) is numerically equal to 1—r.i; and (ii) the sign of n(r) is that 
of r.j. 

Discuss this number ἡ as an indicator of ‘direction’ in the ‘plane’. 

(c) For any pair r,s of vectors in R we define a real number 
m(r, 5) as an indicator of ‘opening between directions’ by the expression 
m(r, 5) = 1—r.s. Discuss this number. If it is to be a measure it must 
certainly satisfy the conditions: 

(i) m(r,r) =0 
(ii) m(r, s)+-m/(s, t) = m(r, t), where addition could perhaps be 
modular, since angles can be added modulo 2π. 


ay | b 
(19) The vector product of two 3-vectors a = Ε Ι b= ἢ is 
bs 


a 
a,b,—a,b, : 
defined by axb = | a,b, —a,b, 
a,b, -- αχδ᾽ 
Show: 


(i) thataxb #¢bxa; 

(ii) that a xb is orthogonal to both a and b, with a right-hand screw 
relation between a, b, a x b in that order: 

(iii) that | axb| = | a||b| sin @ where 0 is the angle between the 
directions of a, b; 

(iv) that 3-vectors do not form a group under this law of combination; 

(0) that ax(b xc) = (a.c)b—(a.b)c. 
(Note: ixj = k and a number of similar results: also the definition 
suggests that vector product is distributive over addition, e.g. 


(a,i+azj+a3k) x (b,i+b,j+5,k) 


can be multiplied out. These facts may be found useful.) 


PART Il 


chapter 9 
THE MACHINERY OF SIMPLE MATRICES 


9.1 We assume that the reader is familiar, at least in simple cases, with the 


notation of matrices. In the first instance a matrix may be regarded as 
a rectangular array of numbers, a pattern of information. 
Examples of matrices are: 


3 0 15 -—3 
l 2 and A 
0 5 13 —2 


These could have arisen in a commercial situation as follows: 


Stock matrix Cost Matrix 
Large Small Present Proposed 
cost change 
Tin of type A | 3 0 large 15 —3 
Tin of type B | 1 2 small 13 —2 
Tin of type C | 0 5 | 


For our present purposes we can regard the stock matrix as a series 
of rows of information, and the cost matrix as a series of columns of 
information (row-vectors and column-vectors if preferred): these vec- 
tors necessarily contain the same number of items, since these items are 
in both cases keyed to the words ‘large’, ‘small’. 

We now form the inner product of the rows of the stock matrix with 
columns of the cost matrix, and find that each such product gives us 
an intelligible result, viz. a valuation (or change in valuation) of a 
section of the stock, thus: 


Present valuation 


Type A 3x15 +0x13 = 45 
Type B 1x15 +2x13 Ξ 41] 
Type C 0x15 + 5x13 = 65 


9, 


[Ὁ 
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In fact, we could set out the results in a matrix: 


Valuation matrix 
Present value Proposed change 


Type A 45 -9 
Type B 41 —7 
Type C 65 —10 


This process of row into column multiplication is quite general, and 
has certain results with which the reader is probably familiar, viz. 

(ἢ Apart from any informational sense or nonsense it is quite im- 
possible to multiply two matrices A, B set down in this order unless 
they are conformable for this multiplication; i.e. the row length of A 
equalsthecolumn length of B. For example, it is impossible to multiply: 


15 --3 Ὁ 
13 —2 : pads 
Ts 
(ii) Even if multiplication both ways is possible—what is the con- 


dition for this?—the product matrices may not be equal. 
For example: 


(6 (Ὁ τ a) 
m ξ- ἐδ 3)-(-2 tt) 


The student should make up an example and verify that usually 
AB + BA. 


An example of the use of matrices, which may be regarded at first as a 
mere convenience, is to write a pair of simultaneous equations in the 


ὡς (© )()-( 


We shall take the opportunity to state the rule for multiplication of 
matrices quite formally at this point, viz. the inner product of the Ist 
row (of A) with the Ist column (of B) is the term in the Ist row and 
Ist column of the product (AB); and in general, the inner product of 
the ith row of A with the jth column of B, is the element in the ith row 
and jth column of the product AB. 


(equation EB). 
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δι (χ ax+by -: li | 
eee - f iality of vectors we 
Thus: (2 i) (*) (ab ff and from equality of vectors 
ax+by = p 
have ated 


Returning to the equation E, we see that the matrix form emphasises 


a new aspect of the situation. The 2 x2 matrix (? " is the pattern 


of left-hand-side coefficients. If we have a pair 5 of values of the 


variables, supposed to be a solution of the equations, then the pattern 
of coefficients specifies the process (substitution) by which we operate 


on the solutions to get, we hope, the pair of values ΡῚ If we write 


M for the matrix, and v, k for the vectors (*) and fs respectively, 


then My = k. 

This equation highlights the action of M in multiplying v as a piece 
of operating machinery which converts v into another vector k—just 
as, at a simpler level, we may regard the ‘5’ in the expression 5y as an 
operating machinery which converts Υ into another vector which is in 
the same direction but five times the size. 


EXERCISE 9 


(1) Find a simple matrix equal to the following products: 


“(1 (6 ἢ ὁ ([Ὁ0} 


1 6\(13 -6 Pistvegyol κῆμηήνν υἱὲ 
 (: ad | ὦ (3 )}: 1 
3 4 
Ι if Seyret | 
(e) (-1 -2 » (2 | ω [3 Ἰ 3° 9 
5 1 4 
13 -6\(1 6 10o0\/3 1 2 
@ (1) kes >) ®{orel(s 3-5 | 
7 oo1f/\6 2 1 
a. AN (2 0 
o (| of | TE 7 
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| 7- δ... ee de ee aoe 3\ 
@ra=(_) i) B=(3 2 ἡ oi 


AB and BC. Then calculate (AB)C and A(BC). 


1 \, evaluate 
-Ἰ 
] 


τι 4.7 “one 0 1 
AC, B+C, A(B+C). (We add matrices by adding corresponding ele- 
ments.) Is AB+AC = A(B+C)? 


Ι 7 ὁ ag 
(4) a=(5)B=(7_$) and c= 1 1 Jj, say which of 


Ge Πα and ἢ 4} σπᾷ | \ evaluate AB, 


—1 6 
the following products exist, and evaluate those. 
(i) AB (iii) CA (v) BC 
(ii) BA (iv) AC (vi) CB 


(5) A matrix is described as of shape m x n (m by n) if it has ‘m elements 
down and n across’; 6.5. in question 1(b) the matrices multiplied are 
2x2 and 2x1. Specify the shapes in 1(d) (e) (77). Give a rule (i) for 
matrices (mm xn) (pxq) to be conformable for multiplication in that 
order, and (ii) for the shape of the result. 

(6) If A= : ν and B = ἱ 4 evaluate AB and BA. Do 
these matrices commute? 


= 39 ἅ πὸ ie ἃ. oy Be ale: | 
mita=(_} 1) B=(5 7 )anex=(5 >) com- 


pute AX and BX. Notice AX = BX τὴ A = B. Can you find another 
algebraic structure for which such a cancellation rule does not hold? 
(Hint: Try set algebra and modular arithmetics, e.g. modulo 4 and 
multiplication.) 


co one a4 1 
(3) If A=|2 2 2]andB=| 3-1 2 | compute AB. 
2 73) δ +3 +3 —3 


Can you find another algebraic system in which AB = 0 4 A =0 
or B = 0 or both? (0 stands for a matrix in which every term is zero.) 
(9) Fill in the gaps in the following matrix equations. 


ῳ (2 )=C “(6 i) 
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ao ὁ .9)0 Ἐ τμώλτοῳ 
feel 5.,.,μἹπ|]π|. . OO f.. 
—-3 1 12 —a C7 fF 


Factorisation in this way is the basis of Choleski’s method—a very 
efficient one—for simultaneous equations. Matrices of the type on the 
right-hand side are called ‘triangular’. 

(10) There are contexts in which a row 3-vector and a column 3-vector 
x 
both appear, e.g. (p g r) and | | 
Zz 
x 
Form the product (p q r) | y | by the matrix rule. 
Ζ 

Can the result be called a ‘matrix’? Have you already met a process 

similar to this for two vectors of the same order? 
ad i b, Cy 

(11) Premultiply the matrix M =| a, b, c, | by each of the follow- 
a3 b3 ¢3 

ing matrices. 


Describe in words in each case what the multiplier does to the rows 


of M. 
θ 1Ὸ0-Ὁ0 ὃ ὃ | Ζ 2 ὃ 
ΑΞΙ 1 Ὁ Ὁ), ΒὃΞ:ἠἑ[4ΠὃὉ 1 0] ὕῦΞξ [ Ὁ 1 0 
ὃ & A [Γ a 9. ὃ“ 


(12) Find the product of these matrices. 


0 O —2a x 
(x y 1) gy rt? @ y 
—2a 0 0 Ϊ 
What would be obtained by putting this product equal to zero? 


10. 


Γ 


chapter 10 
MAPPINGS 


At the end of the last chapter we made a remark to the effect that when 
a matrix multiplies a vector, the result is to transform this vector into 
another vector. A transfer operation such as this is called a mapping, 
and we make a diversion to study in some detail the general idea of a 
mapping. 

The term ‘mapping’ is in regular use in the language of sets: it is a 
relation between two sets (they may be the same sets) subject to certain 
rules. If we picture the sets as being collections of dots in the following 
diagrams, they exhibit what is and what is not a mapping. 


Fic. 36 


A mapping of S into δ᾽ 


N.B. (i) Every member of S has just one image in δ΄, although some 
images may coincide. 
(ii) It is possible for some members of S’ not to be images. 
+ The fact that the elements of S are represented by dots is inclined to give the 


impression that there is necessarily a finite number of elements in 5. This is not so, 
as exercise 6a shows. 
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The following is not a mapping because it violates condition (i) in 


etree a has two 
images, b 
has none 


Fic. 37 


ς ΒΥ 
10.2 Mappings themselves may be divided into two classes, illustrated by 


the two diagrams: 


One-one Many-one 


Fic. 38 

The characteristic which distinguishes these two mappings is that, 
in the first, each element of S is mapped on to a different element of δ΄, 
whereas no such restriction exists for the second. For obvious reasons 
the first is called a one-one mapping, and the second a many-one 
mapping. 

However, for neither of these mappings is it possible to reverse the 
direction of the arrows to get a mapping of S’ into S—condition (i) 
would not be satisfied. It is clear then that for a mapping to be rever- 
sible, there must be no spare elements in S’; in fact the diagram must 
be as follows: 


Fic. 39 


An example of a reversible one-one mapping 
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For any mapping, the set of object elements is called the domain, 
and the set which includes the image elements is called the range (or 
co-domain). 


10.3 Examples of mappings 


(a) 


The dial of the current London telephone is shown in the diagram. 
This can be regarded as a mapping of the letters—if we exclude Z— 
into the numbers. Given one of the letters, say N, there is a number 
corresponding, 6. It is not a mapping from the numbers to the letters. 
Give two reasons why it is not. 

(b) Fingerprints 

Scotland Yard has a file of fingerprints, and to each set of finger- 
prints there corresponds one (and only one) person. This is a one-one 
mapping, with the set of fingerprints as the domain, and the set of 
people as the range. Note that in this case, not every element of the 
range (person) has an element of the domain associated with it (has his 
fingerprints in Scotland Yard). 

(c) x -- 2x+3 where x is a member of the set of all real numbers. 

This is a mapping which is defined for all real values of x. It is also 
reversible, for we can work out the value of x if we are told the value 


| —3 
of 2x+3. The reverse mapping is, in fact, x > — 


10.4 
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EXERCISE 10a 


In each of the following questions, decide whether or not we have 
defined a mapping. If it is a mapping, say whether it is many-one or 
one-one, and also if it is reversible; if it is not a mapping, say so. If, by 
suitably restricting the domain, you can make a non-mapping into a 
mapping, say so. (Assume that x may be any member of the set of real 
numbers. We use the brace notation when specifying sets.) 


ΤΕ ἜΜ εἰ ) , 
Example: x > — is not a mapping since there is no image of the real 
Bt 


number zero. We can make it a mapping by restricting the domain so 
] 


that for x τ ῦ, x -ὸ = is a one-one, reversible mapping. 


Discuss, as detailed above, the following: 
(1) {Citizens of the United Kingdom} — {Surnames}. 
(2) x > x# 
(3) x > x? 
(4) {Telephone numbers in the United Kingdom} — {Citizens respon- 
sible for the bills for the individual telephones}. 
(5) {Articles in a supermarket} + {Prices}. 
(6) {Male citizens of United Kingdom over 21} - {The banks which 
they use}. 
(7) A complex number Z > real number | Z |. 
at) 7 values of (ad—be). 
(9) x — angle which has a sine equal to x. 
(10) x > log x. 


(8) 2 x2 matrices 


Composition of mappings 


Consider the following two mappings performed upon the set of real 
numbers. Letting x be any member of this set, we suppose that the 
mapping S changes the sign of x and we write this: Sx = —x. 

R is the operation ‘square x’, so that we write Rx = x 

If we wished to follow the mapping S by R we would write: 

R(Sx) = R(—x) = (—x)? = x’ 

We use the expression R(Sx)—the result of following mapping S by 
mapping R—to define the product of the mappings RS, so that (RS)x 
means R(Sx). 

We see that (RS)x = x’. 


VMLE D 
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Note (a) by virtue of the definition, there is no ambiguity in writing 
RSx without brackets; 
(5) that RS means that we perform the mapping S and then 
follow it by R.7 
For the same example, 


(SR)x = S(Rx) = Sx? = —x?, 


80 we see that the mapping SR is not the same as the mapping RS. 
Sometimes we may find that mappings commute, but these are special 
cases. 

For these mappings we see that Rx = x? and RSx = x, making it 
tempting to say R = RS. We allow this if and only if the effect of R 
and RS is the same for every element. This is clearly so, and we may 
say R = RS. 

Finally we note that S.S(x) = S(Sx) = S(—x) = x. 

The mapping S.S is often written S? to fit usual multiplication prac- 
tice, and we notice that the effect of S? is to leave x unchanged—this is 
called the identity mapping with the letter I reserved for it. In this 
case, S* = 1, 


10.5 Associative rule for mappings 


If we think of three mappings performed successively on a set of ele- 
ments we shall have a situation as shown in the following diagram. 


A B Cc D 


The Associative Rule for Mappings 
Fic, 41 


The set A is mapped into B by R, into C by S and then into D by T. 
We show one element from A mapped successively into B, C and D 
and we call that element x. The diagram shows the final result: 

T {S(Rx)}. 


Tt We leave it to the reader to convince himself that RS is itself a mapping. 
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By definition of product of mappings we can write this in two ways— 
(TS)(Rx) or T(SR)x. The first of these alternatives we would call the 
mapping (TS)R and the second T(SR). These are apparently equi- 
valent mappings. Each can be represented diagrammatically, as follows: 


A 


Mapping (TS)R 
B 


(SR) 


Mapping T(SR) 
The Associative Rule for Mappings 


Fic. 42 


It is as if we wish to travel from Aberdeen to Dover via Bradford 
and Cambridge, and there are two coach firms offering package deals. 
The first drives to Bradford, and then by-passes Cambridge making 
straight for Dover: the second drives to Cambridge, by-passing Brad- 
ford, and then proceeds to Dover. But it does not matter whether we 
take package deal (TS)R or T(SR): we still get to Dover! 

In view of the fact that there is no ambiguity in the mapping TSR, 
we shall no longer put in the brackets. 
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10.6 A worked example of composition of mappings 


Consider the set of arrangements of the numbers 1, 2 and 3, and let 
A and B be mappings of this set on to itself, defined as follows: 


A (x, y, 2) = (y, x, z) 
B (x, y, 2) = (x, z, y), 
where x, y, and z are the numbers 1, 2 and 3 in any order. 
What are the effects of A and A? acting on (1, 2, 3)? [Α3 (1,2, 3) 
means A.A (1, 2, 3).] 


A (1, 2, 3) = (2, 1, 3) 
A? (1, 2,3) = A (2, 1, 3) = (1,2, 3) 

The effect of Α΄ on (1, 2, 3) is to leave it alone—we call this the 
identity mapping and as usual we denote it by I. 

Hence, A? (1, 2, 3) = I(1, 2, 3), 
and, in general, A? (x, y,z) = I(x, y, 2). 

We discussed this situation in section 10.4—we may now write A? = I. 

The reader will recall that an element P of an algebra satisfying the 
condition PA = AP = Jis called the inverse of A and written 4-1 In 
this case A~* = A, and we have an example of an element being its 
own inverse. 

The reader should verify that the same is true of B, i.e. ΒΓ 1 = Β. 

The mappings AB and BA are given by: 


AB (x, y; Ζ) =A (x, 2, y) oa (z, vy y) 
BA (x, y, 2) = ΒΟ, x, z) = (y, z, x) 
Hence, once again AB # BA. 
Let us try to build up from AB, and see what further mappings we 
can manufacture. 


First we consider AAB (x, y, z). Because the associative law holds 
for mappings we can say: 


AAB (x, J; z) =B (x, J; Zz) _ (x, y; 2). 
This is not a new mapping, so we try BAB (x, y, z). 
Now BAB (x, y, z) = B(z, x, y) = (z, y, x). 
This is a new mapping, and we add it to the list, now consisting of I, 
A, B, AB, BA, and BAB. 
Let us try building up from BA. BBA = IA = A and we get no 


further. Also, ABA (x, y,z) = A (y, Z, x) = (z, y, x), and we see that 
ABA = BAB. 
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In fact, if we proceed further we find that there are no more mappings 
that we can find—they have the property of closure under the operation 
‘followed by’. ; 

The reader is invited to copy and complete the table below: 

(First operation) 
I A B AB BA BAB 


A B AB BA BAB 


I I 

Ἢ ΣΝ ὅν τὰ 
(Second B 8Β 
operation) | AB AB 

BA BA 

BAB | BAB 


Note that, as always, we write first the second operation. 


EXERCISE 10b 
(1) A squad, consisting of 15 soldiers, falls in (at the start of a parade) 
in three ranks facing in a certain direction. This is shown diagram- 
matically thus: 


πὰ 


If the sergeant gives the order ‘left wheel’ (or ‘left form’) the whole 
squad turns left en bloc, to become thus: 


—_— 


| | 


This operation will be symbolised by W. If, however, he gives the 
order ‘left turn’, L, each man individually turns left, to give this result: 


os 


Explain why an officer coming on parade cannot distinguish between 
the results of LL and WW, nor between L*W? and I ( = no order has 
been given). Give other combinations equivalent to I, first involving 
Land W only and secondly involving other orders of your own choosing. 


4- 
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(Note: The whole range of formations involving right an l 
derived from L and W.) ak lies et 
(2) Let V, D, S be mappings of the set of real numbers such that 
V(x) = 1—x, De) = 2x and S(x) = x”. Find the mappings DY, VS, 
and SV and give the particular values of x for which VS = SV. Find 
D(VS) (x) and (DV)S(x) and hence show that these mappings are 
associative. What is the inverse of V? 
(3) We define mappings on the set of real numbers excluding zero as 
follows: 

f:x—- -x 

g:x— I/x 

i:x—>x.f 


What are the mappings f*, g’, fg and gf? Use your expressions for 
these mappings to simplify fgf and gfg. Copy and complete the table: 


i f g fg (First operation) 


———— 


fe ror 
(Second operation) to 

£; ΒΒ 

fe | fg 


(4) For x real and positive we define I:x > log x, r:x > x? and 
hix τὸ oad Show that hl = Ir. What is the usual algebraic way of 
writing 12 Rewrite r = 1~*hl using algebraic symbols and notation. 


᾿ + 1 
(5) Let i:x > x, a:x + 1—x, ΒΡ S be mappings defined for x 


belonging to set of real numbers (x # Ὁ or 1). 
Try to build up a table of form: 


i a b etc 


Do this i i a b 
operation second. a a 
b b ba 
etc 


printing in as many different mappings as you need. You should find 
it necessary to have 6 altogether. (Hint: Put e = ba.) 


Ff such that x is mapped into - x. read f-x > τα as the mapping 
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1—x . 2 
(6) If yx) = Taal what is y*(x)? 
(7) Bell ringers ringing on 4 bells start with the bells in order 1 23 4 
—called ‘rounds’—and aim to ring all the possible permutations 
(changes) in order, ending up with rounds, subject to certain rules. 
These are: 
(a) No bell may ring in the same position more than twice in suc- 
cession. 
(b) Each bell may move at most one place at a time from one change 


to another. 
If a, b, c, d are the numbers 1, 2, 3, 4 in any order, bell ringers define 


the following mappings: 


From abed 
x 

to b ad ec will be written x. 
From Goa 6. 
erode 

to a cb ad will be written y. 


Show that x? = y* = i where i is the identity. 

Writing z for the mapping yx, show that χ" = i for a certain value 
of n and its multiples. Find this value, and show xz"~* = y. 

We define another operation w whichis a b c ὦ 


|| X 


ap αὶ Ὁ. 
Solve the equation (wy)” = i. Show how x, y and w can be used to 
ring all 24 changes. 
(8) Two transformations of the set of complex numbers are defined 
by Tz = - Sz = z+1. Show that TST = S~'TS~', STSTST = 


TSTSTS =I, where Iz =z is the identical transformation and 
S~'z = z—1 is the inverse of the transformation S. 
(Cambridge Scholarship) 


t A transformation is the same as a mapping. 
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(9) The following transformations are defined on the set of complex 
numbers: | 

(ἢ R() = jz-j+1; (ii) S@ = χί(:-- 1). 

Show that R* = 52 =I, where I is the identity transformation 
I(z) = z, and show also that RS = SR°. 

Deduce that there are eight, and only eight, distinct transformations 
which can be obtained by arbitrary (finite) combinations of the trans- 
formations R and S. (Cambridge Scholarship) 


11.1 


11.2 


chapter 11 
MAPPINGS OF A VECTOR SPACE 


The reader will recall that, in a vector space, all vectors can be expressed 
in terms of a basis by taking the suitable multiples and adding them. 
If u and y are the vectors of any basis, then any vector of the space 
may be written uniquely in the form pu+qy. 

To study mappings of a vector space, we shall consider for simplicity 
mapping a plane, which may be visualised as a piece of graph-paper 
extended indefinitely. In view of the grid it is natural to use the unit 
vectors i and j, parallel to these lines, as a basis. We shall also, for 
simplicity, picture representative vectors drawn from a chosen origin O. 
Then for a typical point P with co-ordinates x and y we have a vector 


: , expressible also as ¥ = xi+yj, which is the position vector of P 


with respect to O. Quite often we shall prefer to talk in terms of the 
points rather than the vectors since it will then be easier to visualise 
what is happening when we perform a mapping. 

In this way we can imagine a given mapping as a process of carrying 
points from one location to another. It is immaterial whether we picture 
the image point on a new piece of graph paper, or superimposed on the 
same piece. For clarity, in the early stages we use the former. 


We can now talk about a mapping of a plane S into another plane δ΄ 
in this way: we suppose that the vectors of a basis of S, viz. u and y, 
are mapped into vectors U and V which are in S’. A particularly simple 
kind of mapping is one in which pu+-qv —> pU+4qV, i.e. a linear 
combination of u and y is mapped into the same linear combination of 
U and V. Once this is known every vector of the vector space may be 
very simply mapped into its image. Such a mapping is called a /inear 
mapping or a linear transformation. (Note: U and V need not themselves 
form a basis for a plane-system, for there is no safeguard against them 
being linearly dependent. There is also no need for U and V to be the 
same ‘size’ vectors as u and vy, as example (1) below will show.) 
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Usually, of course, we shall take i and j as our basis for a space of 
two dimensions, and i, j and k as our basis for a space of three dimen- 
sions. 


11.3 Let us consider some mappings. 


(a) Transformation corresponding to a geographical map 


We consider an ordinary map, scale 1 inch to 1 mile, which is correctly 
aligned with the countryside so that no rotation takes place. Also we 


select an origin on the ground with a corresponding origin on the map, 


x 
and anchor our vectors there so that the vector y | for the ground 


Ζ 


measured vertically upwards, the required mapping is 


represents a point, and (>) for the map also represents a point. If z is 
x , 
ξ V/s 
Χ ὕ»Ἁ 
wh ‘=— y= “- d N = 63,360. 
ere x yn’ yan 


Notice that this is a mapping of 3-vectors into 2-vectors, with the z 
co-ordinate being suppressed completely. 

The basis vectors of the countryside i, j and k are mapped into 
Ley. LG 0) : : 
ita I ) and ( Ὁ} Any vector of the 3-space xI1+yj+zk is 
mapped into the corresponding multiples of the images of the basis 
vectors, 1.6, xi+-yj+zk ph peg We hah ° 

ν 1.6, Xi+ yj *—> Woltw\y Z\ 4): 

It can then be seen that this is a linear mapping. 
(6) The one-way stretch 


This is the mapping in which a vector space is stretched in one 
direction only: we consider the simple case in which stretch is in the 


x-direction by a factor of 2, i.€. (; — καὶ ᾿ 


The vector i = (5) is transformed to 2 which we call a in the 


transformed space; and j = (ἢ has the transform (?) = b, using a 
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new name to emphasise that it also is an image. The definition of a 
linear mapping is that for all values of p, 4 the vector pi+qj - pa+qb, 
and we now test whether this is true for this particular case. Now 


we ee ars ) ΖΡῚ directly. 
pit+gi =p (i) +4 (7) = (*) and this transforms to by y 


2 0\ (2p 
Testing the formula, we have pa+gb =p 0114}.}5Ξ 4} 


agreeing with the previous result. . 
"ΜΑΙ “ΔΝ the image builds up on the transforms ἃ, Ὁ just as the 
original builds on i and j: 


Fic, 43 


(c) Change of origin | 

We consider the points of the plane as if they were on a piece of plain 
paper, with the axes on a piece of tracing paper above it. The pages 
piece of paper is slid from under the axes through 2 units in the 
x-direction while the origin and the axes remain fixed in space. Each 
vector which joined the origin to a point ae y) now has its x-com- 
ponent increased by 2 units, 1.6. Ὡς Ri a 


| 3 . [Ὁ + a 
in particular, t= [6] - (6) = α and j = ly b. 
Considering any vector expressed in terms of the basis, we have 
pi+gj = (*) at aa while the corresponding expression in terms 
| q q 
3 
of a and b is pa+qb = ; , 


Since these are not equal, the transformation is not linear. (Nofe: If 
we happen to choose p = 1, the discrepancy will not show.) 
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Fig. 44 illustrates the case p = —1, q = 1, i.e. it transforms the 
vector —i+j. 


(d) Rotation 


The mapping R we define as being the mapping which rotates all the 
vectors in the plane through 90° in an anti-clockwise direction. 


Fic. 45 
We see that ij and j > —i. Also any point (*) - iy (see 
y x 
diagram 46). The basis vectors are transformed into (ἢ and {τὸ} 
respectively; and (~) = xi+,yj 0 at) [5 
y (;) siti x(T)+9/ = (5 ; 


ae. 


Hence rotation about the origin is a linear mapping. 
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11.4 Worked example of a mapping 


We discuss whether the mapping of points of a plane into a line, given 
by τ — (xy+y), is a linear mapping or not. This would not be an 


easy mapping to represent pictorially—we discuss it algebraically. 
We take as basis for the plane as usual i and j, and we see that 


in (3) + (0) and j (*) ΠῚ 
If this were a linear mapping, (*), which is xi+yj — x (image of i) 


+ y (image of ἢ. 
But x (image of i)+y (image of ἢ) = x(0)+y(1) = Οὐ), and because 
this is not equal to (xy +) this is not a linear mapping. 


EXERCISE 1] 
(1) The plane is mapped on to the x-axis by joining each point of the 
plane to the point Ἶ and producing this line (if necessary) to cut the 


x-axis. Find the point into which the point (*) maps, and also the 
images of i and j, and decide whether xi+ yj maps into x (image of i)+ 
y (image of j), i.e. whether the mapping is linear. 

(2) Test the following mappings for linearity: 


(a)x—>kx (6) ; - ἢ (c) (3 = vi 


()(egerae) ὁ") 0) 
(s) (5) > oy) a (3) = Ε . | ) (=) (273) 
+y 


(3) Let the components of a vector be the coefficients of a quadratic 
a 

polynomial, so that ax*+bx+c corresponds to |b}. Let D be the 
ey 

mapping which differentiates ax? +bx+c with respect to x. Is this 

mapping linear? 


=) ᾿ς. 
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(4) The following transformation is sometimes used to prove that there 
are exactly as Many points on the x-axis between Ὁ and 1 as there are 
in the unit square with i and j as adjacent sides. Take any point on the 
x-axis and find the number corresponding to it, say, 0-3712312. Take 
alternate digits, make up new numbers 0-3132 and 0-721, and take 
these as the x and y co-ordinates of a point in the unit square. Is the 
mapping linear? 

(5) Taking x, y and z axis in the east, north and vertically upwards 
directions, and supposing that the sun is in the x-z plane at an angle of 
α΄ with the positive x-direction, what is the equation of the mapping 
of each point in space on to its shadow on the plane? Is this mapping 
linear? 

(6) We now prove that a linear mapping of a vector 2-space into a 
vector 2-space must be of a certain form, which the reader will probably 
have anticipated after working question 2. 


We suppose that i = (*) and j > : . If the mapping is linear, 
what is the image of xi+xj? What is this, written as a column vector ? 
| x i 
If we say » - y , What are the equations for x’ and y'? 
(Note: We ἫΝ here proved that if a mapping is linear it is of the form 
x ax+by\ . eV fab" fx 
()- (eeu) ()-NC) 


proved the converse.) 


In question 2(i) we 


ΕἾ 


chapter 12 
MATRIX MAPPINGS OF A VECTOR SPACE 


We now consider the mapping of a vector space which is carried out by 
a matrix. Take any 2 x2 matrix M, and transform v by (pre-)multiply- 
ing by M to obtain an image vector v’. 


Then, My = γ΄ or in full, (? ‘) (;) = (>) where M = (? ‘) 
r sj\y y ΓΡ 8 


For the reader who has studied transformation geometry (sometimes 
called ‘motion geometry’) the following special transformations will be 
familiar, but the emphasis in geometry is of course on the transformation 
of all the points to positions on another plane—this plane usually being 
taken as coincident with the first. 


Special cases of 2 x 2 transformation matrices 


© (0 1)G)-G) 


The matrix is called the identity matrix, or the unit matrix of order 2, 
symbolised by I. It leaves all 2-vectors unchanged, including the basis 
vectors as special cases. 


᾽ 
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(Note: From now on, we shall carry out our matrix transformations 


first on i, j; we consider the general case xi+ yj or ; later.) 


104 VECTORS, MATRICES AND LINEAR EQUATIONS 


© (6 ἢ0)-0- 6 30 - 0 τιν νὼ 


matrix is T then Ti = ki, T 


(iii) We could now consider (5 i) This is left to the reader with 


0k 
(iv) Consider a 2 x2 matrix in which the first column is : , the 


other elements being unknown. (They must of course have definite 
values, if the mapping is to be valid and determined.) Then, Ti = 
. : Ὰ = (? ) Tj cannot be stated. 

However, the first column of the matrix states the transform of i. The 
reader should verify that the second column shows the transform of j. 

We can now construct matrices which transform i and j into specified 
positions. 

(v) To refiect i and j in the x-axis: 


note that it includes the important special case ᾿ τ 
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We have Ti = (5). Tj = [-ἢ and the matrix is then « ὦ 


12.2 
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(vi) To reflect i and j in the line x+y = 0: 


Fic. 50 


(τὸ 


(vii) To reflect i and j in the line y = x tana: 
Ti is of length unity at an angle 2x to Ox. 


. _ {cos 2a .. { —sin 2a 
Hence Ti = ὥς ὦ and Tj = ( and 3) 


τς σ052ὰ sin 2a PAL "ΩΝ is 
The matrix is therefore foe Si conde =) Verify that « = 45° gives 


one of (v) (vi) and that « = —45° gives the other. 


A useful check 


It is clear that in reflection, as in some other transformations which 
follow, the right angle which the basis vectors i and j make with each 
other is unchanged by the transformation. If this is so, then the result- 
ing vectors should be tested for orthogonality. 
cos2a\ . 
sin 2x }’ i= —Ccos 
product of these two is easily seen to be zero—they are still orthogonal. 

The transformation of only the vectors i and j from among the infinite 
set of vectors in the space would be of little interest; however, it is 
immediately apparent that we can make a number of deductions when 
we know the transforms of these particular vectors. 


sin 20 


For example, in (vii): ἱ -Ὁ 2) and the inner 
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EXERCISE 12a 


ΠΝ, 


(1) Draw a diagram showing the effect of the matrix M = ( : 


oe min (0) 


ic. a diagram of the form: 


Fic. 51 
(2) Illustrate the effect of the matrix M = : ἢ upon the square 


with i and j as adjacent sides. Write down in words what operation is 
performed on the unit square. Evaluate the matrix M2? and illustrate 


in the same way. Evaluate M* and explain the result from your 
diagrams. 


(3) Draw diagrams to illustrate the operating effects of A = (? ‘ | 
and B = ads ; , and describe these mappings separately. Without 
multiplying the matrices, but using your word descriptions, do the 
mapping represented by A followed by the mapping for B, deciding 
what your final result is. Verify by multiplying directly to form the 
matrix BA that what you decided was right. 


(4) Investigate the effect of operating on the points A 2 B 2 


2) o(2) 


OA ic OF bess 
ς Ι and >(6) with the matrix M = (( ; If these points 


123 


become A’, B’, C’ and D’, investigate the effect of the matrix 


N = 0 4)9 them. What do you deduce about the product NM? 
(5) Draw diagrams to show the operating effect upon the points 


(°) " (i) 93 (i) of the matrices: 


“(τ 


We show the matrices M, = 
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(Note: Fora situation like this it is useful to have a convention for dis- 
tinguishing between these two: a useful method 15 to have a “‘window’.) 


2 
0 of 


Fic, 52 


The second mapping involves some ‘turning over’ process, i.e. re- 
flection. 
(6) Illustrate these matrices in a similar manner to question 1, and 
describe the mapping in words: 


(a) (? Ἢ (b) (0 τ (c) [ ἢ (d) ("3 ἢ ) [ τ 


Multiples and their transforms 

If the matrix is of the form ‘s ) then not only is Ti = ἐ ) but 
-.ῬΦ ἰΡ A\ [Ap β ἡ -- 77] 

Ti) = A 0) =\ag} Thus, T(Ai) = ATi. 

In words, the transform of the multiple is the multiple of the trans- 


form, or transformation and scalar multiplication are commutative upon 
i and similarly upon j. 


On our graph paper, ifwe make J 
equal intervals upon the x-axis 
(parallel to i) as O, A, B, C, D, etc., 
then the transforms O’, A’, B’, C’, 
D’, etc. are at equal intervals along 
another straight line. (Notice that 
for every 2x2 matrix the trans- 
form of O is still O, 1.6. our Ο’ 
coincides with O.) 


O 
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12.5 We shall not attempt to prove it in general—yet—but only for a case 


12.4 Sums and their transforms where u and vy are multiples of the base vectors i and j; 1.6. 


We have seen that T(Ai) = 2Ti. This can be shown diagrammatically 


: | . 0 
thus: u=Ai= (;) and v = Hj) = ( ) 
T(Ai) 0 
T In fact, we shall prove first that T(Ai+ yj) = sma 
F : jd 
a For a general matrix transformation, where T = ἃ, b, 
as oa 0.0) 
ke rate =(% 3!) (5) εκ 
Aa, OA'P'j ; ne: | a δ, λ 
- τυ, is a Straight line; and, | ot Sek) 
ὃ» 2 | a, by} \u 
moreover, the ratio oa = 4*= OA te Goat τὶ 
A similar result holds good for j and yj, and we can incorporate the Aa + Hb, 


two results on one figure. 


_ fm b, 
i , - 2(%) * μ( 


= ATi+- pTj 
and the theorem is proved. 


This shows us how to find the transform of any vector very simply, 
by using the images of i and j and building up parallelogram-wise. The 
diagram shows T(3i+2j) derived by adding 3Ti+2Tj: 


3Ti + 2Tj = T(3i + 2j) 


Fic, 55 


We have developed the figure to show in each case the sum of the 
position vectors Ai and yj before and after their transformation: 
OP T OP 
00 
OR = OP+00 


—> 
T, 09 
T ? 
--ν 
It would be a very tidy result if the transform of R were the diagonal 
of the parallelogram formed by O’P’ and O' OQ’; that is, if the transform 


of a sum is the sum of its transforms, i.e. if we could prove a theorem 
of the form T(u+v) = Tu+ ΤΥ. 


110 VECTORS, MATRICES AND LINEAR EQUATIONS MATRIX MAPPINGS OF A VECTOR SPACE 111] 


12.6 The theorem is also true in the general case, i.e. when u and y are not 
multiples of the basis vectors, that T(pu+-qv) = pTu+gTv.+ 
For if u = x,i+y,j and vy = x,i+-y,j, the left-hand side is 


12.9 Example 
Rotation through a given angle anti-clockwise. If T, is the matrix for 


a rotation through an angle «, 


T(pu+qy) = T(px,i+py,j+9x2i+qyj) T,i= er ; and T,j = rere : 
= T [ (px, +9x2)i+(py,;+qy2)j] 41η ἃ ὲ Cos & | | 
= (px, Ἔφχ,) Ti+(py, +9y,) Tj (just proved) and since these give the columns 
= px,Ti+py,Tj+9x,Ti+gy,Tj of our transformation matrix, this Ν 
νὼ p(x, ΤΙ Ἐν, ΤῊ ἘφΟ ΤΙ Ἐν) ΤῸ must be T, = Srofe Tie oe : \ 
= PT(i+y,j)+gT (,i+-y2j) (just proved) sacle ag: ay ΘΖ. 
= plu+gqTy Ol 
Fic. 57 


and the theorem is proved in general, 

Thus a matrix is an operating mechanism which performs linear 
mappings, and, as we saw in the last example of exercise | 1, any linear 
mapping may be written in the form of a matrix multiplying a vector. 
So matrix operations and linear mappings of vectors are merely different 
manifestations of the same situation, and each might be illuminated by 
a study of the other. 


The geometry indicates that this is a linear mapping; we also know 
from the geometry that to follow with a rotation of 8 would mean a 
total rotation of «+f. This means T,,, = T,T, 

cos a+B —sin +f _ fcosB —sinB\/cosa —sina 
- a+B cos a) A we B cos Ἴ Σ % cos a 
bree a—sinBsina —(sin B cos a+cos β sin >) 

sin β cos «+cos β sin « cos 6 cos «—sin β sin « 


| cos ¢+f8 = cos ἃ 008 /—sin ἃ sin 

12.7 One final piece of work is needed to tidy up the connection between sin a = sin ἃ cos " ΤΟΟΒα inp 
linear mappings and matrices. When two linear mappings R and 5 | 

| follow one another (R first) there is a composite mapping embodying 
the two called SR. When two matrices M and N operate one afier the 
other upon a vector we have a product matrix NM. But the product 
rule for matrices has already been laid down—we ought now to show 
that the rule for matrix multiplication is a natural result of successive 
linear mappings. The reader is referred to the appendix for this. 


EXERCISE 12b 


(1) Draw diagrams of the unit square to illustrate the operation of the 
oe a: _ fl --2 
matries X = (Ὁ Ι and Y = 0 1) 
Can you deduce by looking at these illustrations what the products 

XY and YX will be? Verify by direct multiplication. 

(2) Draw diagrams of the unit square to illustrate the matrices 
A= : : and Y = Ps be . Can you predict the value of the 
product XY by looking at the mappings? Verify by multiplication. 
(3) Write down the matrix R which represents a reflection in the line 
y = xtan1«. Evaluate R? and deduce that cos? «+sin’ « = 1. 

(4) Find the matrix R, which represents a reflection in the line y = 
xtant«. Show that, if Ry, represents a reflection in the line y = 
x tan 1β, R,R, represents a rotation, and find the angle of rotation. 


12.8 Associative rule for matrices 


The connection between matrices and linear mappings immediately has 
its reward, for we now need to prove that matrices are associative under 
multiplication. But since a matrix is a linear mapping operation, and 
we have already proved that mappings are associative, there is no need 
to prove separately that matrices are associative. | 


t The student may accept this statement at a first reading and omit the proof. 
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(5) A matrix which has the property that the sum of the elements in 
each row is unity is called a stochastic matrix. Prove that the product 
of two such 2 x 2 matrices is also stochastic. 

If the columns also have the same property the matrix is doubly 
Stochastic. Is the product of two such 2 x2 matrices doubly stochastic? 


chapter 13 
MORE ABOUT LINEAR EQUATIONS 


ad 
(6) Writing the polynomial ax? +bx*+cx+d asa 4-vector ὃ what 
cr 
= h d 
is the matrix D which has the effect of differentiatine th; r? 
Evaluate D* and D*, verifying that D* = 0. _ 


εἰ 1 O\/1 ab/A\fa 0 

Sh b 

(7) Show that (. Ἢ ) is Ι )(3 ' %) = ᾿ i) where 
A d—b 


13.1 In chapter 5 we considered the set of linear equations: 
a,X+b,y+ce4z = d, 
a,X+b,y+c.z = dz (d # 0) 
a,x+b,y+ C3zZ = d, 

as the solution in x, y and z of the vector equation 


= ad—bce, 
: a. b c d 
Investigate the geometric transformations of each of the three x as +y bs +2 es = 4, » (#0). 
matrices on the left-hand side, and show that only one of them changes a3 bs | C3 ds 


By considering certain special cases we decided that, provided the 
coefficients of the equations, i.e. the elements in the matrix 
aq bb ὁ, 
ad, ὃ cz] possessed certain numerical properties, the equa- 
a, δι. 6. 
tions would have a unique solution. This property was investigated 
only for an echelon set of equations (1.6. a,, a, and ἢ, = 0) when we 
stated that the value of the determinant was a,6,c3. 
In the light of our subsequent work we can regard the matrix as a 
A 
mapping agency; acting on any 3-vector v = | y | it transforms it into 
Z 


area. | ha εἰς [5 δὴ inc 
μων Hence show that the matrix (‘ ἢ increases area by a factor 
ad— be, 


8 κ᾿ : _f 4 --3 : 
(8) Show that the matrix M = ( me : operating on any vector in 


τ ae ; ] ‘ 
the direction 5 leaves it unaltered. Show also that there are vectors 


eae δὴ +3 oa Σὰ ἃ οἱ 
in the direction ( “ ) whose direction is unaltered by the matrix, but 


that these are enlarged by a factor 5. Investi εἰ 
i Ds U ) | 2 
these vectors. igate the action of M? upon 


x" 


an image vector, which we can write as My or as | y 
= 


We now regard the problem in a new light; given a non-zero vector 
id, 
εἶ. |, can we find a unique original of which this is the image, i.e. is 
d, 
the transformation reversible? Given the right-hand vector, can we find 


᾿ 


x 
the | ἢ which corresponds to it? 
z 
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We give some useful technical terms in this connection. A set of 
equations which can be solved uniquely for a r.h. vector non-zero is 


χ' = 5x+/]y . 


It is also apparent iat = 2x43y is the inverse mapping of 


called regular; and the |.h. matrix (if it is square) is called non-singular. x= 3x'—Ty’ | elas 
We shall consider some simple cases in the next two sections, before y = —2x'45y” %° that we fy also expect 2 3) to be the 
Ϊ neral t t. . - 
atinapling ΘΈΒΟΙΘ gence Leas inverse of ae 3) Direct multiplication shows this to be true: 


13.2 Let us consider the case (which we know to be regular): 
5x+7Ty = x’ τὰ § ἼΤλχλτιίχ 
2x+3y = γ' a ΒΡ yf 


Direct solution gives us: 


(-2-5)(2 3)-(0 ὃ 


13.3 We shall now consider a triad of equations, which we also know to be 


-== 3χ' --7γ' cy Ae Mae «7... Regent (ΠΕ Ὁ ; 
y= —2x' +5y’ or y a Gee y} xXx+py+qz =x : p 4 σὴ |x x' 
3 ytrz=y or y" 
That this is the reverse mapping may easily be verified by direct ee f 0 0 : el 7, 
substitution for x and y in the equations τὰ ἐν ᾿ τὶ Direct solution gives us: 
We have: 5(3χ' — Ty’) + 7( —2x' +5y’) x = x’—py'+(pr—g)z’ x : pra 
= 15χ' -- 35γ' -- 14x" +35y’ y= y—rz’ or |y|= ! 
=> z= i iz 


Once again the product of the matrices is of interest: 
lp q : 01 fa Ι —p+p pr—q-pr+q 
I 


as required. Similarly we find that: 
2(3x’— Ty’) +3(—2x'+5y’) 
= 6x’ — 14y’—6x' + 15y’ 
=y. 


ῦ 1.» τ —r+r 
ade, i l 


[100 
ΞΙ010 
00 1; 


It is interesting to see what happens with the matrix form. Substi- 


| Π τ pra pal , eye ee 10 0 
tuting for ᾿ 0 l ‘Git # Γ-Ρ ={010 
(*) _ (; (>) as tans 0 0 001 | 001 
᾿ y Again we say that: 
> ἢ 3 —7\(x' 1 O\/x χ' ΝΣ is 
. 2 al) p pr-q 1 Pp 4 
(3 ) Ῥ. δ (5) (6 ) (>) (5) Ι Sh is the inverse of a I ‘ 
We notice that the product of Ν i) and (. ; + mT is the identity me ἱ Mildred 
; : and vice versa. The notation used is the usual one—the inverse of a 
matrix (( ᾿ Thus ( oO ) is said to be the inverse matrixt of matrix M is written Μ᾽ and we have MM~* = M~'M =I, the 
. | -Φ ὦ identity or unit matrix of the appropriate size n xn. 


Let us now use the machinery outlined above to find the inverse of 
ἂ ἱ ΗΙ 
the matrix [Ὁ 56 π|!. 
o y's 


(; 3) and represents the inverse mapping. 


t This is an example of the general algebraic term. See chapters 1 and 6. Strictly 
we should say it is the inverse for matrix multiplication. 
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ax+ly+mz = x’ 
We consider the equations by+nz= y’. 


z= 5 
Then z = = provided c # 0 
' 7, 
ad be 
ax = ou ee mz’ 
‘J bbe c 


(b # 0) 


ὡς χα Ξ y (5 m=) (a # 0). 


"αὐ \abe ac 
πὸ ae 
x a ab abe ac| |x 
Then | y| = oe n γ (a, b,c τὸ 0). 
Ζ b ~ be z 
0 0 ἐν 
| c 
ht) fey πὶ 
alm a ab abe ac | 
The inverse οὔ] Ὁ 6 n/is l n provided none 
0 5 La 
0 0 e¢ b be 
eo 18 
c 
of a, b and c = 0 or, equivalently, abc # 0. 
Direct multiplication gives us: 
1 f/f him Ι ἐξ ΛΟ inim 
αΑ ἰ πὴ ΙᾺὰ ab abe ac δ᾽ be ς be ὁ 
0 ὃ ἡ 1 Η = it sn 
gc ἐν, a αὐ Fe venga a: τ᾿ 
hi Ὁ 1 0 0 1 
_ 
1 0 O 
=10 1 0 
On @- J 
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the unit matrix of order 3. 
The examples given illustrate the following logical situation: 
(i) Existence of solution <> The equations are regular (i.e. by defi- 
nition matrix is non-singular). 
(ii) Existence of solution <> Inverse matrix exists. 
Hence every non-singular matrix has an inverse. 


EXERCISE 138 


(1) Given that 2x,+5x, = X, express x,, X, in terms of X,,X>. 


3X2 = X2) 
Express your results in matrix form, and show that the products of 
the two 2 x2 matrices both ways round are : | 


(2) Given that Mu = y, 


Ι 4 5 x Xx 
where Me=(0 © ThLuaxtyL v= LF «at 
0 0 4 Ζ yA 


write the data in equation form, solve for x, y, z in terms of X, Y, Z 
and write the result in the form 


u = Ny Pe 


Verify by direct multiplication that MN = NM =I. Using these 
results, state short matrix proofs that (1) <> (2) and (2) = (1). Make 
clear at which points you use the associative law for matrix multipli- 
cation. 
2x+3y =X 


x+2y= Y to give x and y in terms 


(3) By re-writing the equations} 


of X and Y, find the inverse of the matrix ( 3) 


(4) Show that the inverse of an echelon matrix of form 


1 p 
G ft 
e~ ὃΘ 1 
is of similar form. 

Can you give another type of triangular matrix (1.6. with zeros in 
one corner) for which this is true? An example in the text shows that 
it is true for any echelon matrix if none of the main diagonal coefficients 
is zero; but you are asked to consider also other triangular matrices, 
i.e. in which the zeros are not in the /eft-hand bottom corner. (Echelon 
matrices form a subset of triangular matrices.) It will be sufficient to 


13,4 
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consider matrices in which a diagonal of coefficients consists of 1’s. 
Try 2 x2 matrices first. 


2x+y+z= X, 
(5) By solving the equations x+y+z= Y, find the inverse of the 
—-x +2z=Z, 
2. 1 ἃ 
matrix | 1 1 1]. Check your answer. 
- 01 


(6) Use the method of question 5 to find the inverses of the matrices: 


a a ae ik ἃ 
ἰὼ fee ieee ᾿ (ὃ [0 1 --4 
6A 1 2 «5 ἢ 


(Note: This is not usually the best way of finding the inverse matrix, 
but it is reasonably efficient.) 


We shall now show a method of dealing with any triad of equations 
which quickly shows whether they are regular or not, and leads to a 
solution if they are. 

Choleski’s method for solving linear equations is an ingenious method 
which relies on factorising the operating matrix into two matrices which, 
owing to their form, are called triangular. We illustrate with the set of 


EI 


linear equations 4s 
5 —2 


1 1.3 
We factorise the matrix | -- 2 —3 ν into the form 
1 5-2 
τι ) 79.0.0} οἱ πῶ Ν 
—2-3 4)= = L.U (say), 
1 5-2 ὃ Ν 0 


where the dots are to be determined, and the triangular matrices are 
called L (lower triangular) and U (upper triangular). 

The reader is advised to try this, but a few trials are enough to show 
that the factorisation is by no means unique.t We resolve this by 


{ The matrix product involves 9 facts and we have 12 unknowns. 
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making each of the diagonal elements of U equal to unity. Hence: 


gry pL eet pee 
—Z—-3 441ml, . O10 1... 
Pe ae ieee na es 


and the complete factorisation is now uniquely possible. We find: 


Ms ee : ES |S 23 1 
—2=—3 4|-Ξ] - 3 O170 1 2 
Ι 2-7.1ὉὉ9 0 


Ι 5 -2 
and the original equations become: 


" 
We now put U τι and the equations become: 
: 
a 3 1 0 O\fa 3 
Lib) Ξε] --9]1.6.} -2 3 O} Fb] =] —9}. 
δ 8 Ι 2-7] \e 8 


This equation is directly soluble for a, b, c, for on re-writing we have: 


a 
= |b], we have 
Ἢ 


ἜΠΗ 


or, re-writing, x+3y+ z= 
yt+2z = =i <> ᾿ = , 
Ζτπ --ἰ z= --Ῥ, 


obtained in the order z = --, γπΞ 1, χξβ ]. 


From our previous work, we know that an echelon set of equations 
is bound to be regular if the product of the elements on the diagonal is 
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non-zero. For this set we have split the matrix into two triangular (b) Solve the linear equations: 


matrices L and U, where we have stipulated that the diagonal elements x+2y— z= --ἰ 
of U should each be unity. It is therefore the diagonal elements of L 2x+Ty—5z = 3 
which are critical: if their product is zero the equations will have either Ix+6y+ z= —6. 


no unique solution or no solution at all. This product then determines 
whether the set of equations is regular or not, and vanishes (or does not 
vanish) with the determinant itself. 

In practice, the writing out of this process is much quicker than 
appears above. We give two examples, one regular and one non- 
regular. 


-ἰ 
Writing these equations as M | y | 3 | and factorising M gives: 


—6 
1 2-1 
Ὁ 1 -ἴ} 
001 


Ι 2-1 .ὋῸᾺ90 
2 7-5j=|2 3 O 
ΤΌΣ 7-8 0 

Examination of L shows that the product of the diagonal elements 
is zero, i.e. there is no unique solution. 
"- ἢ 
b | 
δ: 


a a 
ἔκταν... “Ὁ 
Ι 


13.5 Worked examples 
(a) Solve the linear equations: 
2x+6y+l4z= 6 


4x+9y+13z= 3 
—x+3y+24z = 17. 


Proceeding, for there may be solutions, by writing U 


= (3 ἡ τ 


a 6 
Writing these equations M | i= | ) and factorising M gives: 
Ζ 17 qu =] 
2a+3b= 3 
2 6 14 Bi ihn) MABEL, νι iw ee = —6, 
4 9 13] - 4-3 00 1 5) = LU. : 
—t 18 = ar B26 1 The first two equations tell usa = —1, ὃ = 4, but the third equation 


is not satisfied. Hence there are no solutions. 
Since the product of the diagonal elements of L is —6, i.e. non-zero, 


ee eS * |» EXERCISE 13b 
we proceed by putting : ἃ Νὰ τῶ 
(1) Ee M =| 1 OJ}jintheformLUwhereL=|b ec 0 
: 0 0 8 -- di @. oi 
-» "ἢν ΗΤ '- Ε le ἢ 
171 and U=/|0 1 | 
ὦ» a22=3,b=3,c=1 Pde lat 
Xx 6 
3 : Β ἢ τ ἢ Y Σ ae Le oy 
> {10 1 Silyl={3 Z 33 
0 0 ΠΣ 1 | x x 
and proceed to solve the equation U | y ΥΊ. 
o> z=ly=-2,x=2. z| Z 


VMLE E 
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Show by direct substitution of values that 


X+2y—-z= 6 
Xt y = 5 
4x+8y—z = 33. 


(This example shows that the method of Choleski, so useful in com- 
puting, is not to be preferred to direct elimination in simple cases.) 
(2) Show, using the associative law, that if A = LU then the inverse 
A~* = U"'L~? (N.B. showing that (U~'L~')(LU) = I is only half 
the answer.) 

Obtain the inverses of L and U in question 1, and then that of M. 

Hence solve immediately, since Mu = vy <> u = M~'y, the triad of 
equations: 


2x+4y—2z = 12 
x+ y = 5 
4x+8y— z= 27. 
1-2 0 29 —2 --ῦ 
(3) Given A= [2 —5 —4], B=] 14 --Ι —4], evaluate AB. 
3-6 1 -3 01 
Make use of your result to solve: 

(a) x-2y 53 (b) 29x—2y—8z = —3 
2x—S5y—4z = 5 l4x— y—4z= 1 
3x—6y+ z=9 —3x +z=-]l 

er aie + R06 
(4) Verify thatifL=|2—1 O01], then L7! =/ 2-1 O|. 
3, ©. 2 -2 0 43 


Salad : ill 
and hence derive two matrices LU, Ὁ," ὁ which are inverses, Verify 
this result directly. 

(5) Solve the following sets of equations by using Choleski’s method: 
(a) x+2y+ 6z= 0, (b) 3x+12y—9z = 0, 
3x+8y+12z = 10, 2x+ 4y+2z = 6, 
4x+7Ty+ 82 = 14. —X+ 2y+3z = 3. 
(c) 2x+ 8y—4z = 6, (d) 3x—3y+3z= 8, 
x+ Syt+ z= 7, 4x—3y+6z = 15, 
3x+1ly—8z = 6. 2x—3y+ z= 3. 


2 8 
Write any simple numerical matrix of the form U=|0 1 i 


chapter 14 
DETERMINANTS 


14.1 We have already seen that the determinant of the triangular matrix 


0 6, r | is a,b,c3, and that the non-vanishing of this is the 
0 0 ¢3 
condition for the set of equations 


τ, q 


a Ρ q x d; \ 
0 ὃ; Fr y) =| 4 (ἃ αὶ 0) 
0 0 C3 Ζ 3 


to have a unique solution. We now generalise this result and remind 
the reader that a determinant is a pure number derived from all the 


ae Oy δὶ 
ay b, C5 it is 


a, bs; ¢3] 


coefficients of a matrix, and for the matrix M = 


written symbolically as: 


The value of det M we shall now affirm to be 
= a,b,c,—a,b3c, +a,b3c,—a,b,c3 +a3b,c,—a3b2¢. 


At the moment we have baldly stated this expression and it remains 
to establish that it has the properties we require of it. But before we 
do this we investigate the properties of the expression. 

The expression for A is best remembered by breaking it up, e.g. 


A= ay (b2c3 —b3c,)— b, (4.03 —34C2)+ Cy (a,b, —a3b>) 
Gz C2 a, by 


+ c * 
a3 C3 : ay δ. 
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The connection between the elements a,, δ᾽) and c, and the small 
determinants which multiply them is simple. We take each element of 
the top row in turn, and cross out the row and column containing that 
element; elements which remain as seen in each case make up the 2 x2 
multiplying determinants: 


tt i 
+= igre Gps ty >= -@y~-by--Cy-- -@--by-- cy -- 

i i 
i , | il ii 
oA δ) ὁ a ὃ, C2 a4 by 0 
| 
| | Π | 
a4, bz Cy a4, ὅλ ¢3 a, ὃ: ὃ) 


a ὃ, 
a, b, 
When the three terms of the expansion are obtained in this way, it 
only remains to remember that the sign of the middle term is negative. 
This method is called the ‘expansion of the 3 x 3 determinant by the 
first row’. It is particularly quick if one of the first-row elements 
happens to be zero, e.g. 


ΕἸ cy * 


ily C3 


2 Ss θ᾽ mtx 4 7 [Ξ ΧΙ 5 7 
 ἄ 7 -1 6 8 6 
8 -1 6 


= 2x31 -- 3χ(--26) 
= 140. 


EXERCISE 148 
Evaluate the following determinants by the first row: 


(Φ (ὦ 0 0 (6b) |/1 1 ὃ 
ee: 3 2 3 6 

[8 : detag $i) 3. 

(c) ae (11 ὃ ὺ 

3 £9 S peg 

og? '4 5. lee | 


(2) Expand the determinants given, noticing the relation between the 
rows of the determinants and the final values. Draw any conclusion 
you can. 


DETERMINANTS 125 


(i) i a oe! ea 
2-1 3 and Ὁ εν ἢ 

O-1 2 ὃ-1 2 

(ii) 1-1 3 2 Ὁ. 
Ϊ it 7 and εἰ ἄν, Τὴ 

2 6-1 1 -i«. 3 

Gay) |i ἢ πὼς: OB! 1 2 3 
-ι 1 4 and FionGHieg 

aoe ἃ ay: fuier4 

(iv) l-1 4 2-2 8 
2 ὃ 3 and 2 0 3 

1 4 2 1 4 2 

(v) 3 1-! 3. 1 -- 
4 1-2 and 12 3 -—6 

1 0 6 1. 0. 6 


(3) When the expression for A was collected up for the expansion by 
the top row, the terms a,, δὲ and c, were isolated and their multipliers 
were found. Follow this working through for the third row and decide 
on a similar scheme for expanding by using it: repeat this process for 
the second row. 


(4) Expand these determinants using whichever row you think most 
suitable. 


Gil 2 6] (ii) 11 —2 1 (ΠὴῚ}] 1 1 oF 
Oo 3 i 8 8 | a a Ἃ 
2 0 90 2 .3 <3) 0 2-1 
xis 2 1 (vp) 13 1 0 (ἡ 1] 1 7 4 
Ι 4 --5 2 3-1 Bim Binad 
θ..»ϑ.3. 6 4 2 -“32 2 2 
(5) Compare the values of the determinants: 
ay b, ay +a, δ᾽ +b, ta b, 
ay b, Ἵ ds ὃ, | a,+ka, b,+kb, ‘ 


and draw any conclusions you can about importing into one row a 
complete multiple of another row—for 2 x2 determinants. 

(6) Evaluate the following determinants, and by inspecting the rows, 
draw conclusions about the final values. 
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ei S| 1 (ii) ] 3 l 
2 4-1) 2+1 443 -1+4+1 
ΕΓ © 2 1 6 1 
(iii) | 1-1 3-6 1-1 (iv) | 1 3 aa 
2 4 a 2 J --1 
l 6 1 | 1-1 6-3 1--]} 
(v) l 3 l (vi) l 3 1 
2—2x1l 4-2x3 -—1-2x] 2 4 --} 
l 6 l I+x 6+3x 1+x 


14.2 Evaluation of determinant by any row 


The reader will probably have developed a working rule for deciding 
how to evaluate a determinant by any row, but we shall summarise 
the rules here. 
If we decide to use, say, the second 
row, we start off with the element a, 
| and cross out the row and column con- 
" taining a,. This leaves a determinant, 


: δι 6 
1.6.7 ἽΣ 
| 3 


ΩΡ which is called the minor determinant for a, or, more 
3 


simply, just plain minor. 
We do the same thing for ὃ} and c, and we have 3 terms 


by δι 
by ¢3 


a, δι 


δ. Ἢ © 
a, b; 


a, x x and οὐ x ; 
᾿ ΕΟ ΤᾺ a3 C3 


The only problem is which sign we should attach to the minor, and 
comparison with the expression A suggests 
ἢ a, by 
a, bs 


δι ὁ 
A= “Οὐ Χ h. Ξ — €, καὶ 
3 ©€3 


Notice that a rule is emerging which also applies to the 2 x2 case 
where the minor is the element in the opposite corner and 


Xe 


rg) MPS H|r 
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That is, the sign given to the minor depends on how many moves you 
have to make from the top left-hand corner to reach your element, e.g. if 
we have to expand using a, δ) and c, then the signs are alternately 
— +-— in that order, and for a;, b, and c; they will be +—-+. 


ay μὴ 
a, δ. 


Usually it is more convenient, rather than using the minors ‘raw’, to 
carry out at once any necessary change of sign: these rectified minors 
are called cofactors. It is common practice to use the symbol A, to 
denote the cofactor corresponding to a,, and so on. Thus, 

ἘΞ a Οἱ 

ye = δ δὰ 

and the expansions of the determinant are 
a,A, +b, B, + c,C, 

Or 4,A,+6,B,+¢2,C, 

or 4d3A,+b3B3+0¢3C3. 


δι. cy 
bp C2 


ay Cy 
Gz C2 


3 + C3 


Again: A = Ty 


Clearly this revised procedure has no advantage in numerical evalua- 
tions, but the tidiness of these results is a great help in theoretical work. 

The method of evaluating 4 x4 and larger determinants is a logical 
extension of the 3 x 3 method. 


EXERCISE 14b 


(1) Evaluate all the cofactors of the elements of the determinant 
(a;) (0) (x) 
2 3 —1 


-5 8 4 
3 0 2 
For convenience in checking, set them out in the corresponding array 
A BB G 
fig δὲ chy 
Ag Ba o Cg 


(2) Check that for values in question 1: 
a,A, +5,B, +¢,C, ΞΞ 4,A,+6,B,+¢,C; ( = A); 
a,A,+b,B,+¢,C; = Q; 
B,C,—B,C; => a,A. 


14.3 
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(3) Given M = ἕῳ “a N= (? τ ΠῚ find the product matrix 
Prove that det (MN) = det M x det N. 


£38. 2 G 243 
(4) Given A=|0 3 I] and B={1 3. OJ, find the pro- 
a 3 δ᾽ ee 


duct matrices AB and BA. Show that although AB # BA, yet 
det (AB) = det (BA) = det A x det B. 


Le, tei ἢ 
(5) Evaluate the cofactors of the determinant |7 2 4 |, laying 
4-7 1 


them out in the manner described in question 1. What do you notice 
about the rows of this matrix of cofactors? What is the value of the 
original determinant? 


2 3-1 
(6) Treat the determinant | 4 —1 6 | in the manner described in 
0-7 8 
question 5. 
Le «eZ old 
(7) Evaluate the cofactors of the determinant} 2 4 6 |, and com- 
3 6 9 


ment on your results. 


Properties of determinants 


In solving equations, and in manipulating the matrices of their coeffi- 
cients, we used what we came to call row operations. We now look to 
see what these same row operations do to the value of the determinants 
of the coefficient matrix. 

The row operations which were important were: 

(a) Interchanging two rows. 

(6) Adding a multiple of one row to another row, e.g. r3’ = 7: +Ar,. 

(c) Multiplying all elements of a row by a number, in order, say, to 
clear fractions; e.g. rz’ = pro. 

For equations with integral coefficients we sometimes perform a more 
general step such as r;’ = Ar;+yr,. This is not permitted in numerical 
work on hand machines, and it is, anyway, a combination of methods 
2 and 3, so we shall not consider it here. 
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(a) Interchange of two rows 
We suppose first that we interchange two adjacent rows, and we shall 
take the first and second as our example. 

The problem, then, is 


a by δι a by © 
ifA =| a, δὰ cz |, whatis the value of | a, δὶ c, |? 
ay, b, C3 ay, b; C3 


Now A = a,A,+6,B,+0c,C,, but if we expand the second deter- 
minant by the second row, we find that, according to the rule given for 
the signs of minors, each cofactor, although numerically the same as 
before, has changed sign. Hence the value of the second determinant 
is —A. The reader should show that this is true if we change over any 
two adjacent rows. If we now want to change any two rows we shall do 
it in the following way: we start with the first row to be moved, and 
gradually, changing always adjacent rows, we put it into the required 
position, taking, say, moves. We then move the other row back step 
by step, and this takes one less move, i.e. (n—1) moves. The total 
n+(n—1) = 2n—1 is necessarily odd, giving us an odd number of 
changes of sign. Hence interchanging any two rows changes the sign 
of the determinant. 

Corollary: If two rows are identical A = 0, for if we interchange the 
two identical rows we have A= —A => A=0. 


(b) Addition to one row of a multiple of another row 
We shall discuss this in relation to the first row only—the treatment is 
the same whichever row we take. 

If we form a new determinant, 


a,t4a, 6,+Ab, cy +Ac2 
A’ — a4 b, Cs 
(13 bs C3 


and expand by the top row, 


y= (a, +Aa,)A, +(b, + Ab3) B, +(c, +Ac>) σι 
= a,A,+6,B,+ce,C, +4(a,A,+6,B,+c2C,) 
= A+AE (say). 


δ δ, 0) 


ButE =| ἃ, 81 c¢, | τὸ ῦ (ὑνο rows equal). Hence A’ = A, and 


a, b3 ¢; 


this row operation leaves A unchanged. 
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(c) Multiplication of the elements of one row by a factor μ 
Again we consider the first row only and form 


Ha, pb, μαι 
a, ὅλ δ. 
a4, δὶ ¢; 


A’ = 


Expanding by the top row, A’ = pa,A,+yb,B,+pc,C, 
= pA. 


These three properties of determinants enable us to ease the evalua- 
tion of a determinant quite considerably by carrying out judiciously 
chosen row operations. Here are two worked examples, in which a 
corer notation is used to explain how a new row is formed from 
the old: 


(a) To evaluate l 3. 4 
13. 12. ἢ} 
β 27 27 24 
| 2. 4 Ι ἈΠ ἃ 
13. 12 10|-]|13 12 ἴὖ 
2 ad. ἊἊ l 3 4 rz) = r3—2r, 


= 0 (two rows equal). 


(5) To evaluate Ϊ ] ] 
I 6 36 | 
] 7 49 
I 1 ] | 1 I 1 | 
Ι 6 36 | = 0 5 35 r" Ξε Γχ-τ 
] 7 49 I 7 49 
Ι | ] 
= iO 5. 35 
0 6 48 rz Ξε [3-- 
ἘΝ | 5 35 (expanding by row 1,} the 
6 48 other minors being zero) 
= 5x48—-6x35 
= 240—210 
= 30 


t Some readers will already be able to expand this by the Ist column. 


14.4 
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EXERCISE 14c 


δ. ἃ 


(1) Given A = 0 write modified determinants A;,A,,A, in 
4 


tad 
coo kf bt 


the following ways: 

(i) A, has a new third row r;' = r;—4r, where these rows refer to 

rows of A. 
(ii) A, has a new third row r;' = 373. 
(iii) A, has a new third row r3’ = r3—2rp. 

Evaluate A, A,, A, and A;, expanding by any suitable row. 
(2) Evaluate again the five determinants of exercise 14a, question 2 
(left-hand side), using in each case appropriate row operations to 
induce a pair of zeros into a row before expanding by that row. 


Column operations 

Examination of the expanded form of a 3 x3 determinant shows that 
we could just as easily have worked on a chosen column rather than 
a row, 6.5. 


a, b ὃ | 
ry h, A =a, bs Cy | — αλλ ῥ᾽ σι | + δ. b, Cy 
Ee st b, c b, ὁ b. Cs 
| 4. b; C3 3 3 3 3 2 


This is called expansion ‘by the first column’. Minors and cofactors 
are obtained in exactly the same way, and, in fact, a careful look will 
show that the determinant would still have the same value if it were 

a; a2, a; 
re-written with rows as columns, i.e. as θὲ 5b, 6, 

Oy) δὲ" δὰ 
it would have been the determinant of a different matrix, known as the 
transpose of the original. We seldom wish to transpose determinants, 
but the possibility has an important result, viz. that all theorems con- 
cerning rows of a determinant are also true of columns. 


, but note that 


EXERCISE 14d 


ae ae 
(1) Given A=|x yp z |, show by column operations or other- 
x? y? 2? 


wise that x—y, y—z, z—x are factors. 
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By substitution of (unequal) values for x, y, z determine the value of 
k such that A = k(x—y)(y—z)(z—x). 
Ω δε 
ea b 
δ Σ. ἃ 
By extracting the factor and evaluating the resulting and the original 
determinants show that: 


a’ +b? +c%—3abe = (a+-b+c)(a* +b? +¢c?—be—ca—ab). 


(3) Simplify using column operations and then evaluate the deter- 
minants 


(2) Show by a column operation that a+5+c is a factor of 


= 


2. 4 18 2 4 18 
—-3 10 —27 —3 10 —20 |. 
I - as Ι 


(Note: If column operations on/y are used, one usually plans to get 
zeros into the same row, and thus to expand subsequently by a row.) 
(4) Simplify, using any combinations of operations, and then evaluate: 


$ 4 25] 41 9 17 
age δ᾽ oe Εὶ ἃ. BE 
17 12 76 ~~ ae Ἐῷ 


(Hint: If the figures in any row or column are very large, the first step 
may be designed rather to reduce them to manageable size than to 
produce a zero immediately.) 


rs 
(5) Show that (x—y)isafactor ofthedeterminantA = |x y 2 |, 
x3 γ' “5 


and hence deduce that A = k(y—z)(z—x)(x—y)(x+y+z). By con- 
sidering the coefficient of yz* in both expressions determine the value 
of k. 

(6) Evaluate the determinants: 


(@)/3 1-1 @| 8 2-4) ©] 6 2-1 
4 2 6 RE «Gry ere Ss 

Li 2. ἃ 4. Les -ὅ ὃ ἢ 
(d)|-2 -ϑι 1] (18 16 2] (f)!17 19 18 
aad ἢ ἢ ἃ ij 5 6 6 

ὃ Band a ὅρη δι «Bred 
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14.5 The determinant ‘determining’ the nature of equations 


When we attempt to solve a set of simultaneous linear equations 


such 88 3x+4y+ z=8 


2x+2y— 3z=0 
3x+2y—10z = 7 
and we write the equations in detached coefficient form, i.e. 
3A) νον 8 
a - = 0 
3 2 .-10 7 
for ease of manipulation, all the operations that we might wish to 


perform have been discussed using determinants. As an illustration, 
we set about the equations above in order to solve them, letting A be 


3 4 I 
the value of | 2 2 --3 and consider what happens to A as we 
3 2-10 


make each step. The work is set out fully as follows: 


3 4 

2 2 

3 2 

3 4 

2 2 Value of determinant = A 

0 -2 ry = ΓΆ- Ρὶ 

g ape γι’ mr, x2 

6 6 Γ᾿ = Γχ *3 

QO —2 New value of determinant = 6A 
6 8 

0 —?2 Io’ => Pols 

0 —-2 Value of determinant unchanged =6A 
6 8 

0 —2 

0 0 rs -- Γχ ὰ 


Value of determinant unchanged τ ἃ 

But we now see that the value of the determinant of the existing 

equations is zero. Hence, the value of the original determinant is zero. 
In fact, each of the processes of elimination in the equations 
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a,X+b,y+e,z = d, 

a,X+b,y+c,z = d, (ἃ # 0) 

a,X+b,y+c3z = d, 
only involves multiplying A by a certain factor which is non-zero, so 
that A = 0 before elimination <> A = 0 after elimination. Hence, the 
vanishing of A as defined at the beginning of the chapter is the condition 
that we require for a set of equations to be regular. (A different 
approach to the same situation is given in the next section.) 


Hence if a set of three 3-vectors is linearly dependent, then the 
determinant of those vectors is zero. Conversely, if A # 0, it 1s not 
possible to make one column vanish by using column operations in- 
volving multiples of columns, and there are no numbers A, p, v such 
that the vectors are linearly dependent. Hence they are independent. 

We see that A = 0 <— three 3-vectors linearly dependent. 

Note: Here we have proved that A = 0 <> three column 3-vectors are 
linearly dependent, but the structure of A implies that the row-vectors 
are also linearly dependent. Hence not only are : 
14.6 A set of linear equations can be consider ratio 3\ /4 3 2 [1 
din ieind ρει i ee eee ee Oe ee 3} 3 and | ae | linearly dependent, but so oe) | and Β 
1112 4 —3 4 


l 
3 4 1 8 : 
χΧ)]) 2] Ἐ͵)}22]-Ὁ 2] --}] Ξ [0 derived from the row-vectors (3, 4, 1), (2,2, —3) and (1, 2,4). This 
1 2 4 7 means that the Lh.s. of one equation will be a composite version of the 


l.h.s. of the other two. The implications of this are discussed in chap- 
ter 17. 

14,7 Geometrical properties of determinants 
At this point it is worth while making a few comments about the 
geometric properties of the determinant as applied to linear transforma- 
tions. The 2 x 2 case illustrates this particularly well. 


and the reader will remember that the condition for a unique solution 
was then that the vectors 
] 
—3 
4 


abe 


should be linearly independent, i.e. that there should be no numbers 


4, # and ν (other than all-zero) such that The matrix M = 3 is an operator representing a linear map- 
: 5 : 0 ping which transforms the unit square into a parallelogram as shown 
A} 2} Ἐμ|2} ἘΠν| --3] --. [00]. in the diagram 
, 0 a+ec 
If values 2, μ᾿ and v do exist, and we let A be the value of R G +d 
+ +. ἢ y ‘ ater 
νοῶν, wed ο () »» 
᾿ mou ἐδ 
Ἄδο ae 
thn JA=/|22 2 -3 
A 2 4 


3A+4u+ ν 4 1 
2A+2u—3v 2 --3 
At+t2u+ 4v 2 4 


Fic. 58 


using column properties The area of the parallelogram may be seen by completing the figure 


as shown at the top of the next page. 


en Saha for we have supposed that 4, μιν Area OPRQ = (a+c)(b+d)—2be—cd—ab 
me Di 2. ..3 exist to make the vectors linearly = ab+be+ad+cd—2be—cd—ab 
θυννὺ Bin gif dependent = ad—be 


= det M. 
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(Note: A particularly convenient diagram has been drawn to achieve 
this result. The reader should try various cases to decide on the signifi- 
cance of det M being negative, as of course it might be.) 
. Similarly, it may be shown, but not easily (unless the reader is fami- 
liar with scalar triple products of vectors) that the volume of the 
parallelepiped into which the unit cube is mapped by the matrix 
a δὶ cg 
Μπ-|4; 6, c,| is also det M. 
a, b3; ὁ 


Oo 
Fic. 60 
Note: In the diagram the column vector 


ay b 1 c 

| is labelled a; and similarly for b, | and es ; 

a3 δ. C3 

More geometry 

If we return to the 2x2 matrix, it is clear that the area of triangle 

OP,P, is half the area of the parallelogram. Hence if P, is (x4, y,) and 

P, is (X2, ¥2) the area of triangle OP; P, is | 

4 x aa Vy . J 
i ὙΣ | 


P(X, νὰ) 


P(x, y,) 


Fic. 61 


DETERMINANTS 137 


(Note: Unless the sense of travel from O to P, to P,; to O is anti- 
clockwise, the area will be negative.) 

We extend this to general case—see Fig. 62—in the obvious way by 
saying AP,P,P,; = AOP,P,;—AOP,P,;—AOP;P, (or the last term 
could be +AOP,P3). 


Fic, 62" 
Thus, AP, P.P. = xX, Ji = Xy Vy “2 72 : 
1P2P3 = ὦ X2 2 3 X3 V3 2 χὰ 3 


This is just 1 x expansion of ἃ 3 x3 determinant by the I.h. column 
where all the elements in that column are 1. 


Therefore 
Ϊ τὶ Vi εἰ δ᾽ I 
AP,P,P;=4)|1 x, yz | or,morecommonly,4| x, y, 1 
Ine (ee) 4 SS 1 


the result being numerically correct in all cases, with a sign which is 
positive if the sense P, to P, to P; to P, is anti-clockwise. 

If the area of the triangle formed is zero, we get the condition that 
(1, ¥1), (%2, 2) and (x3, y3) should be collinear, viz. 


χὶ Je 1 
X3 y2 ] = 0. 
a | 


EXERCISE 14e 


(1) (a) Prove that the points (6, 1) (10, 2) and (—2, —1) are collinear. 

(6) Find the area of the triangle ABC formed by the points (—2, 5), 
(7, 6), (5, 10). Does the sign of your determinant indicate whether the 
circuit A ~ B > C = A is anti-clockwise? (Hint: It is possible to per- 
form two simple row operations such as rz’ = r,;—r, and ry’ = r3—r, 
in one move, but this is only safe if one such move does not affect the 
other.) 
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(2) What is the volume of the parallelepiped which has the origin at 
one corner, and has as adjacent sides the lines joining the origin to 
(1, 2, 3), (2, 3, 7) and (7, 5, 1)? 
(3) Show directly and by determinant that three column vectors u, v, w 
of order 3 will always be linearly dependent if one of them (e.g. w) has 
all its components zero. Give a geometric interpretation of the space 
spanned by u and νυ. 
(4) Show that four column vectors t, u, vy, w of order 3 will always be 
linearly dependent. (Hint: Consider separately the cases in which t, u, v 
are linearly dependent and those in which they are not, and try to solve 
xt+yu+zv = w.) Suggest a generalisation of this result. 
(5) By considering the magnification produced when transforming the 
simple unit square, first by 2 x 2 matrix A, and secondly by the product 
matrix BA, and using the result det (BA) = det B x det A, show that 
det B is the area-magnifying factor involved in transforming any 
parallelogram with a vertex at O (i.e. not only a unit square). 
(6) Show that if O is the origin and P, Q are points of an integer-lattice 
(i.e. that both have integral coefficients) then when the parallelogram 
OPRQ is completed, 

(i) the point R has integral coefficients, and 

(ii) the parallelogram has integral area. 
(7) If in question 6 the point P is (m, n), Ο is (p, 4) and mg—np = +1, 
show that there is no other lattice point inside OPRQ. 
(8) Show that if u, y and w are 3-vectors forming the columns of a 
matrix M, and w = Au+uv, then det M = 0. 


chapter 15 
‘ELEMENTARY’ MATRICES 


So far we have considered matrices only as machines for performing 
linear mappings or as arrays of numbers representing the coefficients 
in an equation. We now begin to look at matrices in themselves, in 
order to find out more about their character and habits. It is quite usual 
for the pure mathematician when he studies any particular concept to 
try to classify the individual elements, in this case, matrices, into types, 
and we follow this for the moment. 

But, to begin, weneed sometools, and these tools are called elementary 
matrices. They will not be defined formally until the reader has gained 
some first-hand experience of them. (Note: The word ‘elementary’ is 
here being used in a technical sense, not as a synonym for ‘simple’; it 
means simple in a special way which will be shown by the following 
exercise for the reader.) 


EXERCISE 15a 


as ὃ, C» |. 


In all these questions Ais the matrix ja, δὶ ὦ 
a, bs; 63 


(1) Consider the product EA for the various matrices E which are given, 
and state in words the effect of having multiplied by E. 


ὃ. 01. οὐ ι Of ὃ 
@E=|1 Ὁ 0 (b)E=|0 O 1 
δ 6 I ὌΝ; ie 
bic By ὦ i 6) a 
(Ὁ Baio 1° Ὁ (@)E=|k 1 Ὁ 
Q Gut 4 Br «'ϑιι. 5 
ἜΝ 6 3 1 0 ὃ 
()E=|0 1 ὁ (NE=|0 k 0 
i ee oe 
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(2) By what matrices E, and E, would you pre-multiply A if you 
wished to: 


(a) interchange row | with row 3? 
(δὴ add k x (row 1) to row 3? 


Notice that your answers should in each case be the same as if the 
stated operation had been applied to I. 

(3) Form the products E,E,, and E,E,, where E, and E, are the 
matrices from question 2. State in words what effect you think would 
be obtained by multiplying E,E, and E,E, into A, and then compute 
E,E,A and E,E,A to verify that what you suggested is right. 

(4) Give 2 x2 matrices which have similar row properties to the pro- 
perties possessed by these 3 x 3 matrices. 

We are now in a position to define an elementary matrix. An 
elementary matrix is a matrix which, by pre-multiplying any other 
matrix,t performs a row operation on that matrix. 

It is clearly important to be able to associate each type of row opera- 
tion with its appropriate matrix. This can be done by means of a simple 
observation, which the reader should verify from his worked examples 
in exercise 15a, viz. the matrix required is in every case the result of 


ee | 
applying the row operation to the unit matrix|0 1 Ὶ as follows. 
Orig. 1 


The reader should verify in each case, by forming the product EA, 
that the elementary matrix performs the required operation. 


Type (a): Interchange of two rows 
e.g. of first and second rows, i.e. r,;’ = Γχν Γχ = ry 


l 0 0 0 I 0 
0 ] o|— 1] 0 O}], 
0 0 l 0 0 ] 
and in verification 
0 Ϊ 0 ay b, Cy as b, C4 
Ι1 0 0 az b, ὅλ} =] a, b, Ci |. 
0 O 1} \a, 3 Ὁ3 a, b, ¢;3 


1.6. multiplication by E carries out the interchange. 


t Provided, of course, that they are conformable for this multiplication. 
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Type (b): To add a multiple of one row to another 
6.5. ry = ry tr, 

Ϊ 0 0 l 0 

0 l 0] ---.. [10 0. 

0 0 l ] 


Verify the character of this matrix by forming EA. 


om 


Type (c): To multiply a row by a factor p 


6.2. rs = pr 
Ι 0 0 Ι 0 0 
Oo 1 0]-.]1} Ὁ 1 0]. 
0 0 Ι o 0 μ 
Again verify the character of this elementary matrix. 


Echelon form 


We have seen earlier (in chapter 5) that any 3 x 3 matrix A can be put, 
by row operations, into what we called an echelon form, in which all 
elements below the main diagonal are zero. 

It will be remembered that the connection between the echelon matrix 
and its original was their relevance to the same equation-solving situa- 
tion. The reader may see at a later stage another way of expressing this 
equivalence: it is sufficient here that the new matrix can be obtained 
from the old by multiplying by successive elementary matrices. 

In this section we shall carry out the operations successively on A 
in the same way as we did previously, but alongside for information we 
shall also carry out the same operations successively on I, thereby 
showing at each stage the correct product of all the elementary matrices 
used; e.g. after 3 operations we get E,E,E,I which is E,E,E,. The 
reduced matrix at this stage will of course be E,E,E,A. (Notice that 
after E, no other elementary matrix will appear in the work, but only 
the cumulative product of them.) 


3 4 2 
Worked example: To reduce the matrix [1 6 1 to an echelon 
3 4-2 


form, showing at each stage the total multiplying matrix used. 
βου Pg 
Initially: A=|1 6 1 Pong ey | 
3 4-2 Gr! Θτοῦ 
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Operation Result Result 
Interchange : ὁ 1 0 1 QO 
rows | and 2 3 4 : | 1 0 j 
(Γι᾿ = Po, ro’ = ΡῈ} F 4 -- 0 0 l 
‘a S| I 0 1 0) (Note that this 
rs’ = [3-- : 4 | 1 0 0]) is E,E, and is 
0 0-4 —-1 O 1) not itself an 
| elementary 
matrix.) 
bey Bh καὶ | 0.0}. 8 
I's Ξε 7χ-- 31 B= ῦ--14 --] Ϊ --3 0 = E,E,E, 
0 0 -4 | -. 01 


This final matrix B is now said to be ‘in echelon form’, the charac- 
teristic being that there are only zeros underneath the main diagonal. \f 
the original matrix had been rectangular, say, 


a Bb & αι 
ἅ,), δ᾽ ὦ, ἃ. 
a. δι {δ 


then the echelon form would be 


B34 


where the dots may or may not be zero. For a 4 x 3 matrix the echelon 
form would be 


0 : 
oe 
YF Gesg 


where again the dots may or may not be zero. 

(Note: The original reduction might have been carried out in a different 
way, just as in solving linear equations the elimination may be done 
in a different order. Thus there is no unique ‘correct’ echelon form; 
but certain features will be found in common, notably that if one row 
is all zeros for one form, this will be so for all.) 
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15.3 We can formalise the processes of the previous section if we call the 
elementary matrices used E,, E, and E, and the final reduced matrix 
B; then B = E,E,E,A. 
The important thing here is the final form, not the particular matrices 
used; provided every step is a row operation the final matrix will be 
given by an expression of the form: 


Final matrix = (product of elementary matrices) x (initial matrix) 


It is not necessary therefore to write down the individual elementary 
matrices; it will suffice to perform the operations. It is, however, easy 
to make mistakes, and it is certainly worth noting what operations have 
been performed so that the work can be easily checked. 


Example (a): 
3 4 2 . 
Reduce l 6 l to echelon form. 
3 4 -2 
It will save fractions to change row | with row 2 first. 
Accordingly: 
3 4 2 1 6 | 
1 6 1 —_— > 3 4 2 γι = ry 
3 4 -- 3 4 —2 ro =F, 


where the ——- indicates that the second matrix is derived from the first. 
Then | l 6 l 


6 1 I 
3 4 2)—>1]3 ‘. as 
\3 4 -2 0 0 -4 Γ᾽ = Γ3- 


| 6 Ϊ 
-“͵΄ᾷ 0 —14 -1 Γ) = r,—3r,. 
0 0 --4 


Whether in connection with linear equations or not, it is quite com- 
mon practice to convert a non-square matrix (or even a collection of 
vectors) into an echelon form. Our next example will show this; it will 
be seen that several elementary operations can be combined in one 
move. 
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Example (6): 


. wu. 
To reduce : ͵ τὶ to echelon form. 
l 4 


2 


Combining operations, we have: 


l 2 ] l 2 ] 
4 7 -—-1\|——~/0 -- 5 rp Ξ Γχ-- γι 
‘a ει θ..- 1 ΓΔ =1r3—2r, 
a” Τὰ OL 2 Αἱ on eo me tee 
Ἱ 2 4 
0 --| 5 
“De Gy unr hG rs = r3—3r2 
0 0 -9 rg = Γ, 2. 


ooo- 
| 
coorn 
— 
σι 


0 rg = γα Ἐ (2) Γ3. 


EXERCISE 15b 


(1) Reduce the following matrices to echelon form: 


0 5 i 3 
@) ( 3) () ij Ε (¢) ( a} (ὦ & τ ) 


(2) Reduce [ ἢ to echelon form. 


Is it possible for the reduced form to have zero elements only, in the 
second row? If so, give the condition for this to be so in terms of 
a, b, c and d. Is your working valid when a = 0? If not, put a = 0 
and rework the question. What is your final conclusion? 

(3) Reduce these matrices to echelon form: 
ἀπ 18 
(c) | - 1 Ὶ 


pinegirty ae ake 
@|-2 4 1) @®]1 4 ὦ 
pregior Que ἢ ged 0 0 2 


4 3 


15.4 
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Ὁ 1 ἢ <n SS Ι΄ 2 6 -4 
(}10 4 6 (ὁ.12 .ἃὁ ΑἹ 3) eos. 1 .ὖ 7] 
ὗν Ἀπ i pith 1 4 15 0 --ῤἨαὨἨ 0 
0 5 ὃ -4 


(4) It is possible to avoid fractions when reducing a matrix with integer 
elements to echelon form by multiplying a row before subtracting a 


multiple of another row. For example, in reducing & ΕἾ ἴο 
echelon form we might say 

at le 3 Pants anil: 

-5 -3 0 -- ro’ = Tr2+5r,. 


Justify this in terms of elementary matrices and then reduce 


3 7 2 
4 6 “--3} to echelon form. 
« 5 -8 


Singular and non-singular matrices 


So far the elementary matrices have split all possible matrices into two 
classes, according to whether the echelon form has a final row of zeros 
or not. The reader will no doubt have realised that the condition for 
zeros in the final row for square matrices is that the determinant of the 
matrix is zero, i.e. that the matrix is singular. If the determinant of a 
square matrix is not zero, i.e. the final row of the echelon form of a 
Square matrix does not consist of zeros, then the matrix is non-singular. 

We now restrict our attention to the non-singular matrices, pushing 
the use of elementary matrices further. As in the reduction to echelon 
form, we proceed with an example. 

We consider the matrix A, reduce it to echelon form, and then further, 


Ι Γ i 
where A={2 > OES 
+s 0:0" OR 
Then I Ι 5 eb gis 
A— [0 l 2 4} ry A lee 
ἜΤ ΗΡΕ grit eu 
1 1 5 
—> [0 I 2 ΓΔ = r3+3rp. 
le le 
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We now continue so that 


, ΤΕ 18 ' Ἐλ "0 : 
ea") oats te 1 ‘Ja ry me tgs 
bea"! 4 g =e 5 2 = ΓΟ: 
grr μὰ. 
---- -ν 0 1 0 ry ="M—r2 
Be ἡ ον} 


and the original matrix A has been reduced, using row operations only, 
to the unit matrix, I. But each row operation is equivalent to pre- 
multiplication by an elementary matrix, so what we have done is to say 
(E,E,_;...E,E,)A = 1. 

But this is of the form BA = I where 

B= E,E,_;..-E,E, 
or B= (£,E,-_,...E,E,)I. 

Multiplying I by this succession of matrices involves the same row 
operations on Iason A. In this case—the reader is advised to check— 
these operations to I give: 


30 -10 -- 
B=; 16-5 -2 
-9 3 ] 


and direct computation gives: 


30 -10 -—3)\/1 l 5 
BA = 16 - 5 -2ὦὄ ]12Ζ 3 12 
" Ὁ τῷ 


—9 3 Ϊ 
30--20--9, 30 — 30, 150—120—30 
Ξε 16—10—6, 16—15, 80— 60—20 
— 958Ὲ 643, — 9+ 9, —45+ 36+10 
Ι 0 ϑρΟὁὁ 
Ξ [0 Ι 0] Ξ Ι. 
θ᾽. ΘΟ 04 


This matrix B is the inverse matrix which was discussed earlier. It is 
clear that if we started from B and used elementary row operations to 
form I, then performing the same operations on I would lead to A. 

Hence BA = I <> AB =I. 

We can also prove that B is unique. For suppose that two matrices 
B and C have the property that BA = AB = I and CA = AC=I. 
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Then B = BI 
= B(AC) 
= (BA)C 
= IC 
= € 


and the result is proved. The notation used for the inverse matrix is 
the usual one, namely B = A™}. 

The method employed to find the inverse matrix can be improved by 
better organisation. For, remembering that the same operations are 
to be performed on the original matrix and on I, it is better to have 
the two side by side, and to deal with the two together. 


Example 
1 -1 -3 
Find the inverse of A =| —1 5 14 
2 —4 .-1]} 
1 -l1 -3 | l 0 0 
—| 5 14 0 l 0 
2 —4 -ll | 0 0 1 
| 
1 --1} 3 l 0 0 
| 0 4 11 l | l l 0 Fa. = roth; 
0 —2 —5 —2 0 ] rs) = Γχ- 2Γ 
| 
1 —! 3 ] 0 
Ι ᾷΡ.θ 4 ὅϑΡ1| Ι l Ϊ 0 
0 0 l Ι —3 2 rs) = 2r3+rz 
| 
1 —! 0 —8 3 6 Γι =r,—-3r3 
0 4 0] ! 34 —10 —22 ro’ =r,-—IlIr; 
0 0 ] | —3 l 2 
| 
4 0 0 | 2 2 2 γι = ἄγ, +r, 
0 4 0 | 34 —10 —22 
0 0 l ! —3 l 2 
Ι 
r 0 Of HP ee) By r= he 
0 I 0 l 4 -Ὦ —ip ry’ = Γχ|4 
0 0 l | --3 l 2 
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Hence AT'=/[ 4 2 4 
ae tr 
—3 l 2 
As a check—always advisable: 
A“A=/ +4 4 4 1 -1 -3 l 0 0 
dz ἢ —-4] | --ὶ § 14)=10 Ι Oo; =] 
—3 1 2 2 -—4 -ll 0 0 Ϊ 


When manipulating matrices in this way, it is nearly always worth 
while avoiding fractions until the last possible point, by using suitable 
multipliers. ; 

It is possible to shorten the process still further by not making the 
original matrix pass through the echelon stage. We give an example: 


Find the inverse of A= ]/]-—l1 -—2 | 
7 l l 
—2 -—2 l 
—1 —2 1 Ι Ι 0 0 
Ι 7 Ι ln ! 0 l 0 
—2 —2 l 0 0 ] 
| 
-1 - ] l 0 0 
0-13 8 7 l 0 ro’ = ro+T7r; 
0 2 --1 —2 0 l ry ΞΕ Γχ--- 21 
| 
--Ἰ Ga 0 | -Ἱ 0 l ry =rytrs 
0 3 0 Ι --9 Ι ὃ ro! = Py Ἔ 8.3 
0 2 --, Ι —2 0 Ι 
| 
—| 0 0 Ι —] 0 l 
0 3 0 | —9 l 8 
0 0 --3 | 12 —2 --13}] r,' = 3r3;-2r, 
| 
l 0 0 l 0 -|, r= -- 
| 0 1 0 Ι —3 1 a ry" = r2/3 
0 0 l I -4 2 44 r;' = —r;/3 
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Hence Α΄ = l 0 —!1 
So icc ἢ 
4 oy 
and checking: 
1 0 —-1\/-l1 -2 ] 
—4 % 13 —2 -—2 l 
-1. +2 —2+2 1-1 
=|3+7 -—12 6+i—1° —3+1+4 
4+4it—26 8+2—28 —4+2+413 
l 0 0 
= [0 1 Oj= 1. 
0 0 1 


This is one of the most efficient ways of finding the inverse of a 
matrix. It is not usually the best way for a small matrix—we shall see 
that in the next chapter—but it is easy to programme, and this is its 
greatest value. 

Notice that, when inverting, if the echelon stage—either a lower or 
an upper echelon—is reached, one of the diagonal elements is zero, 
there will be no inverse matrix. Look out for this in the following 
examples, and check for yourself why this should be so. 


EXERCISE 15c 


(1) Find the inverse of each of the following matrices: 


9( ) 0) alt ἢ 


Can you see a simple rule appearing? If you can formulate it, do so. 
(2) If you managed to formulate a rule in question 1, try it for inverting 
the following matrices. If you did not, use the method of elementary 
row operations. After using your rule, check your answer; if anything 
goes wrong, invert in the usual way. 
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4 -—9 2 4 ie 5 2\ 
® (; a @ [ ) (it) (1 ἢ 


m? 3) ὧδ ἢ ὧὐ 9 


(3) Make all the matrices in questions 1 and 2 fall into a pattern by 


finding by elementary row operations the inverse of (- “ ν 


(4) Invert, where possible 
3 τά 2 
() }1 58 ἢ 
1 


ae 
0 | a ag ἢ 


| στ΄ a, ἢ 
Lo ἢ -ὁ ἢ“ μὰ ᾧ 
(ἢ 5. ὃ =1 (iv) {1 -2 2 
ot ἢ ae! 


(5) Show that the following elementary matrices—one of each type— 
are non-singular, and that the inverse of each is another elementary 


1 σ᾽ υ a: io ὦ - ie Ὁ 

(η[10Ὸ oO 1) WMO pg. Ὁ iii)}O 1 i&k 

eS ils Ὁ δι. Ι os me 
where p τὶ 0. 


15.5 Non-integral coefficients 


The method of row operations is the one used in practice to invert 
matrices with non-integral coefficients. The layout is very similar to 
the layout already used for integral coefficients, except that, to guard 
against blunders, we use an additional column as a sum check (see 
section 4.5). We first of all arrange, before subtracting a multiple of a 
row from another row, that the largest coefficient in the first column 
is in the leading position, corresponding to the pivotal equation dis- 
cussed in section 4.5. 


: εἰ ᾿ 0.5000  0-3200 
As an example, we invert the matrix μῷ 000 δι τον 
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Sum check 


1-0000 
0-0000 


1-0000 
— 0-2000 


Γι᾿ =r 


1-0000| 1-4360 ry! = r,-0-2000 γι 
1-0976 
1-4360 


1-1006 
—0-2000 


- 05503] 


γι᾿ = r,-0-5031 r, 
1-0000 


2:2012 21952 


-0-3144 


- 1:0062 γι᾿ = 2-0000 γι 


rs’ = 1.572] r, 


Ce ee SS 


Inverse matrix 


2°2012 
—0-3144 
multiplication with the original matrix gives 


05000 0:3200\ / 2:2012 —1-0062\ (10000 0-0000 
01000 0-7000/ \—0-3144 1-5721/ \0-0000 0-9999/° 


EXERCISE 15d 


— 1-0062 


The inverse matrix 1 t ) : 
is seen to be ἣ πλὴν and direct 


Using a desk calculating machine, find the inverses of the following two 


matrices: 
0:2410 0-6000 Γ᾿ 0-1250 0-7000 }" 


chapter 16 
BACK TO DETERMINANTS 


16.1 We have already defined cofactors and shown how to form them from 
the minors of a determinant. 
Considering 


σι, b, Cs 
A, =+ ὃς ὦ; 
Similarly, 
7 a, 3 
oun Gd, C3 


Using this notation, the expressions for the expansion of the deter- 
minant by any row or column were found to take a very simple 
appearance, e.g. 

A = a,A,+b,B,+¢e,C, (by the first row) 
b,B,+b,B,+b3,B; (by the second column). 


EXERCISE 16a 


(1) Let A be the determinant 


3 l 7 
2 3 =! 
] 4 -2 


Evaluate the cofactors corresponding to each clement. If the co- 
factors of the first column are called A,, A, and 443, evaluate: 
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If the cofactors of the first row are A,, B, and C, evaluate: 
2A,+3B,-C,; and A,+4B,-—2C,. 


Can you generalise these results? 
(2) If A is the determinant 


2 3 3 
2 6 --ὃ 
Ϊ 39. -2 


find the cofactors of each element, and make up a new determinant 
out of these cofactors. Evaluate both A and this new determinant, A’. 
Is your result a coincidence? 

Now evaluate the cofactors of A’. Can you see a pattern developing? 


16.2 Alien cofactors 


In the previous exercise the reader will have noticed a curious property 
of cofactors, viz. that when we take the elements of a row (or column) 
and multiply by its own cofactors we get A, but if we take the cofactors 
for some other row (or column)—‘alien cofactors’, we shall call them— 


we get zero. 
For, if 
Bo, Dy 
A => ily b, C4 
a, bs ολ 
then A, = +| 72 C2 | _= |” “21 CG, a | δ} 
3 ts a3 3 a, b, 


The expression a,A,+6,B,+c,C, is then identical with the expan- 
sion 


which is zero (two rows equal). 


16,3 Cramer’s rule for linear equations 
We consider the equations: 


a,x+b,y+e,z => εἶ, ses (1) 
a,X+b,y+c2z = d, .+-@ (δε ἢ 
a,x+b3y+c3z = ὧν sano) 


VMLE F 


154 VECTORS, MATRICES AND LINEAR EQUATIONS 


We multiply equation 1 by A;, equation 2 by A,, and equation 3 by 
A;, and add. 


Then, (a,A;+a,A,+4a3A3)x 
+(b,A,+b,42+b3A3)y 
+(c,A;+0242,+0¢3A3)z 
= d,A, +d,A, +d3A3. 


The coefficient of x is just A (by column expansion) while those of y 
and z are zero (alien cofactors), so then 


ah οἱ 
Ax=|d, ὃ, D, say 
εἷς b, Cy 


Hence Ax = D, and similar expressions exist for y and z, enabling 
us to obtain (provided A # 0) unique values for x, y and z. 

This is not to be recommended as a method of solution in practical 
numerical problems, but it is important in the theory both of pure 
algebra and of numerical analysis as we shall show. 

Cramer’s method gives a very quick demonstration that when A = 0 
there is no unique solution in x, y, z; but, more than this, we see the 
two types of failure: 

(a) If D = 0 as well as A, then any value of x will satisfy. (We then 
consider as a new problem the solution for y and z in terms of the 
coefficients and a chosen value of x.) 

(ὁ) If A= 0 and D τὶ 0, no solution is possible: the equations are 
inconsistent. 

In numerical work we are also concerned with the situation called il/- 
conditioning of equations: if the value of A is small compared with the 
largest product of three of the terms a, b, c of which it is composed, then 
a slight errorj in one of the elements may make a large percentage error 
in A and hence in any solution. (The geometrical picture is of three 
planes z,, #2, and ἢ which nearly meet in a line: if 7, is rocked, then 
the point where it meets the line of intersection 7, ὦ 73 may move a 
long way. 


t The error could be in data, but it could also be in processing, e.g. in roundin 
off a coefficient to 5 significant figures. 4 : 
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16.4 Adjoint matrix 


One of the properties of the cofactors of determinants turns out to be 
spectacularly useful. If we consider the matrix of cofactors of 


we have 
ra: a oe 
Ne-i4,. & CG 
A, B Ὁ; 


If we compute MN nothing very remarkable happens, but if we first 
reflect N about the main diagonal (called transposing, see section 14.4) 
and call the reflection N’, and then consider MN’, we get 


1 ὦ, A, A, A; 
MN’ ἘΞ as b, Co | B, B, B, 
| C3} \C, Cz, C; 


aA, +5,B, +c,C, A, +5,B, +c¢,C, Ωχ ἢ. ἘΡ,Βχ-Ἐ 0 . : 

54) +5;B, +¢3C, a,A,+63B, Ἔχ, a3A, +53B; +c¢,C; 

In the product matrix, all the terms on the main diagonal are det M, 

and all the terms of the main diagonal are zero (property of alien 
cofactors). 


ἀμιχμμι χες, a,A,+b,B,+¢,C, a,A,+6,B,+0¢,C, 


A 0 0 
Hence MN --Ἠ [0 Δ 0 
0 0 A 
1 0 0' 
=A 10 ] 0] = ALT 
0 0 l 


This is a significant result, with N’ deserving a special name. We 
call it the ‘adjoint matrix’, written adj M, and the result is 

M .adj M = AL. »ἰνυ {1} 

This result has been proved only for 3 x 3 matrices, but it is perfectly 


general. We shall assume that it works for all square matrices without 
further proof. 


T See appendix. 
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The importance of this result lies in the fact that it provides another 
method of finding the inverse matrix, provided that equation 1 may be 
divided by the number A, i.e. if A # 0. Hence, if A # 0, we find 

] 
Μ. Ε adi M) -1 
| Bt 
so that 424i M = M“!. 


Example 


6 3 1 
Find the inverse of M = |4 2 —3). 


Litt) Lor 
The cofactors corresponding to the various elements are: 
Ist row 26 —31 14 
2nd row —17 4] —2!1 
3rd row —1] 22 0 
26 --17 —-11 
Thus adj M = | —31 4] 22. 
14 --2! 0 
Checking M . adj M to avoid mistakes, 
is 3 l 26 --17 --|! 
M.adijiM=/|4 2 —3}]/-31 41 22 
Ϊ vg 14 --2! 0 


104— 62—42 — 68+ 82+ 63 -—44+44 
26-- 124-98 -- 17+164-147 —11+88 


Toe Boch 
eho Os oF A Ob 


o- 93+14 -—102+123— 21 -—66+66 


S18 2 7F 
26 -17 —Ill 
Hence M'=2|-31 41 22}. 
14 —21 0, 


The reader is warned against becoming too enthusiastic about the 
adjoint method of calculating the inverse matrix. It is good when cal- 
culating inverses of 2 x2 or 3 x3 matrices with simple coefficients, but 
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higher than that it is better to use the method of row operations. To 
illustrate this a table is given below of the number of arithmetic opera- 
tions each method involves. The expressions for the last two cases give 
the order of magnitude only. 


It is seen that the adjoint method loses efficiency very rapidly indeed. 


EXERCISE 16b 


(1) Evaluate the inverse of the following matrix using first the adjoint 
method and then the row method: 


5 5 ae 
i 5. 3 
{ ew2ined 


(2) Invert the following matrices, if possible, using either the adjoint 
method or the row method, whichever seems easier. 


1 οὐ ἄλλ Gl ὁ 2.8 ee ἃ. xl 
ae ee”: - ; 7 4 2 d 
τ ΤῊ > “a4! 3 Oo. 4 3 

Cid tes ον de Ke ds Bn Dirodha ih Pbi cd: odd nll 
( 2 , - 7 bind | 4 6 4 
Dine aw Sad G,. ἃ. ωἱ “ων δὰ 


(3) Show that the conic x*—2xy+2y?—1 = 0 may be written 


1 “1 O|\ /x 
(xyl{-1 2 Oy} =O 
0 0 —-I] \!1 
or ΧΙ Ax = 0. 
Find the matrix adj A and expand the equation 
Ϊ 
ΠῚ 


( μι 1) adj A = (0). 
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Find any solution /,m of this equation, and verify that the line 
ix+-my+1 = 0 is a tangent to the original conic. 
(4) The relationship between the stress vector P and the strain vector e 
when forces are applied normal to the faces of a rectangular specimen 
of material is 


l -¢ -Ὁσ 
-σ l -σ 
-σ --τοΠ 1 


P 


where Εἰ and σ are constants known as *Young’s modulus’ and ‘Poisson’s 
ratio’ respectively. Find the inverse of the matrix and re-write the 
relation giving P in terms of e. 

(5) Invert the matrix 


cos@cos@ sin@dcosd —sing 
cos@sing  sin@sing cos @]. 
sin @ —cos 0 0 


Do you notice anything about your result? 


EXERCISE 16c 


The following questions are intended for further practice in inverting 
matrices. 


(1) Ἵ : 2 Ἢ 1-2 (3) ὧδἃι![ῖ 0 ὃ 
th ot ee ame 2 1 0 
" Fo) 3 3 7 -—10 Ξ 2 ἢ 
Ἢ 2 13 Ke δ» --3 | ΟὟ © 443 
es ae —§ +8 2 Fug 9" ἃ 
if aE 14 19 -1 =F 17 11 
(3) °| ie: ἢ at ‘eet it —2° <3 
ἢ. Ὁ ἃ Πα 5 ὩΣ ag 
3 #2 <5 ye 2 ] Ξ =i τι 


chapter 17 


HOMOGENEOUS EQUATIONS 
NON-REGULAR EQUATIONS 


Up to this point, in all our discussions of the triad of equations 
a,x+b,y+c,z = d, etc., . 
x 
M|y| =4, 
Zz : 


i.e. 
we have stipulated (i) that the vector ἃ is non-zero and (ii) that A 
(=det M) is non-zero. We shall now repair these omissions. 


Homogeneous equations 


We shall now consider the case d = 0: the right-hand side coefficients 
of all our equations are zero. Such equations are described as homo- 
geneous linear equations, since all terms are of the same degree (viz. 
degree one here) in the unknown quantities x, y, z.... 

It is clear that x = y = z = 0 is a solution of such a triad of equa- 
tions. The only question at issue is whether it is unique. The reader 
will not be surprised to discover that this is again decided by the 
value of A: the vanishing of A introduces as in previous cases one or 
more degrees of freedom? into the solutions. With the techniques 
which we now have available, this can be proved very neatly by either 
a matrix-wise or a vector-wise method: 


x 
Theorem: If det M + 0, ten {7 =§<2x = poz τεῦ. 
2 


The implication from right to left is clear by substitution, and we 
shall only be concerned with left to right. 
+ This means that x, y, z are expressible in terms of one parameter which can be 


given any value. Two degrees of freedom implies two parameters at choice e.g. 
X= ἜΜ, = 2f-3u,z = uw. 
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Method (a): Since det M # 0, M~? exists.+ 


x x 
Then [τον ara 
| 2 Ζ 
x 
0 


Ζ 
το Χτεγτ- ΖΞῷρθ, 


, Method (6): Since A # 0, the vectors a, b, ¢ are linearly independent; 
i.e. no values x, y, z exist (not all zero) such that xa+ yb+ze = 0, 
Thus the zero values, which evidently satisfy, form the unique solution. 


EXERCISE 17a 


(1) Find the value of 2 such that the following triad of equations 
should have an infinity of solutions: 


x+2y— z=Q0 
4x— y+iz =0. 


Show that for this value of ὁ the ratio x:y:z is the same for all 
non-zero solutions, and find it. Interpret the result geometrically. 
(2) Find the values of 2 such that the equations 3x+Jy+z = 0, 
X+y+z =0, A4x+9y+4z = 0 have an infinity of solutions, and find 
the ratio x:y:z in each case. 
(3) Give a general solution for the set of equations 
x+ 2y— z=0 
3x— 4y+2z =0 
Ax—10y+5z = 0, 


paying careful attention to any critical value(s) of 2. 
(4) Three planes passing through the origin 


3x—2y+ z= 0 
x+ y—2z =0 
AXx+Typ—8z =0 


intersect in a line. Determine the value of 1, and find the direction 
numbers of the line. 


* M-* is also unique, but this proof does not require it. 
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* 


a a ὦ x 
(5) The matrix 1 4 1] operating upon a certain vector | ἢ is 
—2 --Α -1 Ζ 
known to enlarge it, but not to change its direction, 1.6. 


3 κἀς ΕΣ x 
1. 4. 1] »}::}λὃ}» 
—2 —4 τ1}}}2 Ζ 


where / is the enlargement factor. Rewrite this relationship as ἃ set 
of homogeneous equations in x, y, and z and find the possible values 
of 2. For each value of A, find the ratio x: y:z. 


3 1-2 
(6) Repeat question 5 using the matrix|2 4 5, 
2 8 --5 


Two homogeneous equations in three unknowns 
This can be regarded as a special case of the situation in which d and A 
are both zero. Given the equations 


a,xt+byy+c,z Ξε ὃ 
(2Χ Ἐὰν - ΟχΣ = 0, 


we shall add the equation 0-x+0-y+0-z = 0 in order to make the 
number of equations up to three. Clearly the determinant of co- 
efficients is zero. 

An elementary solution could be carried out for x, y in terms of z 
by treating c,z, 022 (transferred to the right-hand side if preferred) as 
if they were numerical coefficients. We should obtain x/z and y/z 


uniquely, provided the determinant | ᾧ | were not zero. There is, 
εἰ ἥλων. 


however, a much neater way of proceeding, which has the advantage 
of generalising into higher orders of equations, as follows. 

We have just seen that the problem is to find ratios of x:y:z. Thus 
if we can show a set of values, not all zero, to satisfy the equations, we 
have our solution. Now if we use the properties of alien cofactors of 
any determinant (whether A itself if zero or not), we have: 

a, A;+b,B,+c, C; =0 
a, A,+b,B,+c,C; = 0. 

Thus our required solution is x:y:z = A;:B3:C3. 

Notice that these are cofactors of the (zero) coefficients of our extra 
equation, but they do not themselves involve the zeros. 


= σας»... ae ee - 
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Our solution can be written: 


δι οἱ a; Cy a; by 
δ ὁ, 4,C€z| | a,b, 

This solution still holds good if one of these cofactors is zero; but 
not if two are zero, as the reader may verify. 

The student should also verify that this rule holds good for the 
ratios in exercise 17a, nos. (1), (2) and (3). Notice that in nos. (1) 
and (3) the ratios are obtainable disregarding the A-equation, provided 
we know that it is redundant (i.e. it gives no further information), 

Redundancy of an equation can be considered here in another way, 
viz. as linear dependence, homogeneous equations being treated as 
row-vectors: then redundancy 


xiyiz= 


<> p x (equation I) ἘΦ x (equation II) +r x (equation ΠῚ =0 


for values p, 4, r not all zero. Values p, 4, r can be obtained by taking 
cofactors of any column, e.g. of the third column in exercise 17a, 
question (1), viz. —17, 9, —7. 

The idea of linear dependence of the equations themselves is also 
useful when we have too many equations rather than too few: we shall 
not pursue it further here (but see exercise 17b (3)). 


EXERCISE 17b 


(1) (@) A plane passes through the origin and the points P,(x,, 3, Z;) 
and P2(x2, ¥2,Z2). Taking the equation of the plane as /x-+my-+nz = 0, 
solve for the ratio /:m:n. 

(ὁ) Write the condition that the tetrahedron OPP, Pz should have 
no volume, where P is (x, y, z), and compare your result with (a). 


᾿ ΩΣ +2 
(2) (a) Given the vectors v, =| y, |, Υ) =| y2], find the direction 
Ζι 22 


ratios /, m, n of a vector orthogonal to both of them. 

(6) Comparing the result of (a) with that of the previous question, 
deduce a general result about the normal to a plane. 
(3) Given that the following four planes meet in a point: 


2x+ y— z=0 
4x+3y+ z2=0 
X— y+2z = 14 
X+ Y+z=p 
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find the value of p. (Hint: When the ratio x: y:z is known, the third 
equation will determine them all.) 

(4) The equations ax?+bx+c =0 and bx?+cx+a =0 have a com- 
mon root ἃ, Prove by eliminating « between the equations 


ax +-ba+c τεῦ 
ba? +cxa+a τεῦ 
that the condition for this is 
(ab —c*) (ac—b?) = (bc—a’)’. 
(Hint: These equations could be solved in the form «*:0:1 = A:B:C 


i.e. like homogeneous equations.) 
(5) By eliminating 0 between the equations 
asin0+ cos0+b=0 
sin 0+b cos +a = 0, 


show that 
(a—b*)? +(b—a’)? = (ab—1)’. 


(Hint: As for question 4.) 


17.3 We now consider what happens if A = 0, ἃ # 0, starting with the case 


of two equations in two unknowns: 
Τα |. (P @\(*\ 19 
rx+sy =b yr oy δ᾽ 
The reader will recall that the matrix (’ :) is an operator mapping 
the vector (*) but we remember that we can deduce what happens to 


(*) by seeing the effect on a basis. 
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The basis i, j is mapped into (? ) and (2) such that the area of the 
parallelogram is A = ps—qr. 


But A = 0, so the right-hand dia- 
gram collapses to look like Fig. 64. 


a+e) 


* Fic. 64 
It is clear that the images of i and j no longer form a basis for the 
plane—in fact, ᾿ and : are linearly dependent and only span a 


space consisting of the line joining them to the origin. If the vector 
᾿ lies on this line we shall be lucky and have solutions; if. ; does 


not lie on the line no solutions exist. We shall consider two simple 
examples, both with the same left-hand side: 


Since 3) does not lie on the line joining (3) and ἢ to the origin, i.e. 


it is not in the space spanned by ( and (3), there are no solutions. 


4 
(6) x+2y =4 
2x+4y = ὃ 


“(2 ἡ) τῷ 


Now (3) does lie in the space spanned by ( and () and clearly 


we can find solutions. Two obvious ones are x = 4, y = Oand x = 0, 
y = 2, but it is evident that we really have only one equation, x+2y =4, 


x 


17.4 
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and any values of x and y satisfying this will be a solution. We thus 
give x a particular value, 1, say, and find y. Then, 


4—f 
xXx=f,y aa a 


is a solution for all values of f. 


Leaving geometrical considerations aside, the routine solution of the 
equations of the previous section would be as follows: 


(@) x+2y=5 ) 


2x+4y =2 
mt x+2y = 7 
The two original equations are equivalent to a set of equations of 
which one is 0 = —8, a statement which no value of x and y can make 


true. There is no solution to these equations and they are said to be 
INCONSISTENT. 


(δ) x+2y Ξ 4 
2x+4y = ὃ 


he x+2y =4| 
0 = rz = f2—2r, 


Now, the second equation gives no further information. It is true 
whatever the values of x and y. This (or the original) set of equations 
involved REDUNDANCY.+ We now give x a particular value, ¢, and 


δε δ᾽ τε τ 


(Note: There is no reason why the particular value should be given 
to x. We might give it to y instead, so that y = ¢, x = 4—2t is an 
equally acceptable solution. We also accept x = 2—2?f, y = 1+¢, and 
there are obviously countless alternatives.) 


17.5 To show that the logic of a two-equation system can be quite exacting 


we consider the following example. 
Given that 
x-y=-l 
mx—y = a, 
to discuss the solutions for all possible values of m and a. 


t The rows of coefficients, including the right-hand side, are like a set of linearly 
dependent row-vectors: one is a linear combination of the others. 
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The equations may be written 


1 —1\/x —1 
m —1/]\y a 
and it follows immediately from the determinant that the equations 
are regular ifm γέ +1. 
Solving in the usual way gives 


“ire _mt+a 
πε 


If m = 1, the equations are 


x-y=-l{ 
x-y= a 


and these are equivalent to 


x-y=-l 
0 = a+] ro’ ΞΕ Γ-- ΤᾺ. 


If a # —1, the equations are inconsistent. 


If a = —1, the equations are consistent, the general solution being 
x=ty =t+l1. 
The final solution is then: 
l+a m+a 
(a) If m # ec poe kan ἡ τ τ 


(6) Ifm =landa= —-l,x=t,y Ξε -Ἐ}. 


(c) If m = 1, a # —1; no solution. 


EXERCISE 170 


(1) Discuss the equations 
x-ay = 1 
x+2y = 6b 
for all values of a and b. 
(2) For which value of m will the equations 


y-3x =a 
y-mx =2 


be non-regular? Solve the equations in the non-regular case. 
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(3) Solve the equations 


ax+3y = 4 
bx—ay = ἢ 


considering all values of a and ὁ. 
(4) Discuss the solution of the equations 


AX+ Y= 
uxtay = py? 
when λ2 = i. 


(5) Find the condition for the equations 
ax+ y=b 
x+by =a 

to be non-regular, and solve them in this instance. 
(6) Discuss the solution of the equations 
y—mx = 2, 
y-x=5b 


for all possible values of m and b, giving interpretations and illustra- 
tions from co-ordinate geometry. 


When we consider the 3 x 3 matrix of the set of equations 


a, by c,\ |x εἶ, 
αχ, δ 01 }}}} =| 4, 
Ζ d, 


the basis vectors of the original space (viz. i, j and k) are transformed 


into 
eH le 
a> |, |b, | and | c, 
α:} \b; C3, 


which we shall call a, Ὁ and ς respectively. The reader will recall the 
remark in chapter 14, that the volume of the parallelepiped of which 
a, b and ¢ are adjacent sides is A; and A = 0 implies that this parallel- 
epiped collapses into a plane (or possibly even a line). Alternatively, 
A =0 means that a, b and ec are linearly dependent, which again 
means that the vectors a, b and ς lie in a plane (or line) when attached 
to the origin. The vectors a, b and ec no longer form a basis for the 
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vector 3-space, and now only span a lesser space; so, once again, as 
in the 2x2 equations, it is a matter of luck whether the right-hand 
side vector lies in that space or not. 
We consider some examples with A = 0. 
(a) To discuss the equations: 
x+ 3y+ 
3x— γι 
3x—lly-— 
Now, x+ 3y+ 
3x—- yt 
3x—Ily- 
x+ 3y+ 42 = 
«5 —10y—10z = -- 2 
—20y—20z = - 


e ΟΝ ΝΈΟΝ Δ 


| ro’ =1r,—3r, 
—2) r;’ =r3—3r, 
x+ 3y+ 42 = 1 
=> —10y—10z = -- 
0 =2 


rs’ = r,—2r, 


These equations are inconsistent. Clearly ἢ does not lie in the space 


—fi(sI-(3 


(b) To solve the equations: 
X= | tu 22 m2 
3x+ 2y— z=4 ». 
5x+10y—llz = 4 
Now, x— yt 2z=2 
3x+ 2y—- z=4 | 
5Sx+10y—llz = 4 


x— yt ere. 
<> 5»- 7z= - a, =r,—3r, 
ISy—2lz = — Γχ =r3—5r, 
χα yr 2z=2 
sy Tz= —2. 
0=0 i rs =r3—3r, 


These equations are consistent, with the third equation giving no 
extra information. Thus, putting x = t, we get 
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— y+2z =2-1t 
5»-72 Ξ -- 
ie -, pt2z =2-1 
32 =8—St| rz’ =r2+5r, 
ΓΗ τς ΒΕ _ 10-7 
“ ᾿ 3 ᾿} κατ’ 3 
(c) To find the value of 2 which makes the set of equations 
x+2y+3z = 10 


4x— y+iz=a 
2x—S5y-—7z = -- ἢ] 
non-regular, and discuss the solution for that value. 
The equations are non-regular when A = 0 and 


| 2 @ 
A=|4 -1 Ι = (Κ7.- 512) --2(--28 —22)+3(—20+2) 
Pe -ὖ} 
= 7-|:56--54-9}λ 


Then A Ξὸῦ «- ὁ ΞΞ-.- --ἰ. 

When 4 = --ΞἸ, the equations become: 
x+2y+ 3z = 10 
4χ- y- z=a 
2x-—S5y-— 7z= -- 1} 


x+2y+ 3z = 10 
<> —9y—13z = ‘| ro’ =1r,—4r, 
—9y—13z = --31 r3° =r3—2r,. 
The equations are consistent if a—40 = —31<>a=9, The equa- 
tions become: 
2y+ 3z = 10 
9y+13z = 31. 


Putting x = 1, we have 
x+2y+ 3z = aes 


9y+13z = 31 
2ν- 3z = 10-1 
τῶ z= —28+97 ry’ => 2r,—9r, 
<> 2y = 10—t—84+-271. 


The solution is then x = t, y = 13t—37, z = 28—94, if a = 9. 


ME AT. LR em συ 
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EXERCISE 17d 


(1) Discuss the equations 


2x+ y—3z =2 
3x-—2y+ z=8 
x+4y-—7z =k 


for the cases kK = 0, kK = —4, (In the case for which there is a degree 
of freedom put z = 71.) 
(2) By treating a linear equation of form ax+by = ¢ as a row-vector 
(a, b, —c), or otherwise, find the value or values of ἃ for which the 
following lines are concurrent: 
Ax+2y = 12, x—Ay = 9, 2x+3y = 1. 
Find the point of concurrency in each case. 
(3) Investigate the solutions of the equations 
3ax—6y+18z Ξε ὃ 
4x+5y—- z=-2 
x-—Ty-— z=3 
in the cases (i) a = 3, ὃ = 21; (ἢ) ἃ = --17, ὃ = 1. 
(Maths Tripos Pt. 1, 1949) 


(4) For what value of A will the following set of equations have more 
than one solution? 


AX+ y- z=0 
3x+4y—3z =0 
5x—3y+2z =0 


(5) Examine the solutions, in the non-regular case only, of the equa- 
tions 


2x+Ay—6z = 2, 
Ax—3y+2z = --ἰ, 
3x—2y—4z = A. 
(6) Find the general solution of the system of equations 
ΧῈ y—az =), 
3x—2y-— 2 Ξε], 
ἀχ--3γν- 2 =2, 


in each of the three special cases: 
(ἢ ἃ -- ’, Ὁ ΞΞ 9; (ἢ ἃ Ξε 2, ὃ = —3; (ἢ ἃ = 2, ὃ = 0. 
(Cambridge Scholarship) 
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(7) Prove that, if a # 5, the equations 


x+ay—z =l1, 
2x+ yt+z=5, 
X—- yptz=2 


have a unique solution. 
If a = 5, classify the values of ὃ such that (i) the equations have no 
solutions, (ii) the equations have an infinite number of solutions. 
(Oxford Scholarship) 
(8) Solve for x, y, z, the three simultaneous equations 


ax+3y+2z = b, 
5x+4y+3z = 1, 
x+2y+ 2- 82 
for the particular cases obtained when a = 3 for varying values of b. 
(Cambridge Scholarship) 
(9) Factorise the determinant 


abe 
ec a ὃ 
bea 


Given that a, b, and ὁ are real and not all equal and thata+bh+c τὰ 0, 
solve 
ax+by+cz = 1 
cx+ay+bz =0 
bx+cy+az = 0. 
What happens when a+b+c = 0? 
(Cambridge Scholarship) 
(10) Prove that, if the simultaneous equations 


3x+ky+2z = Ax, 
kx+3y+2z = iy, 
2x+2y+ z=Az 


have a solution in which x, y, z are not all zero, then 
(1—A)k? —8k +(A+1) (A—3) (A—5) = 0. 


When this condition is satisfied, find formulae for the most general 
solutions in the two cases (i) A = 1, (ii) 2 = 3. 
(Cambridge Scholarship) 


, 18. 


—_ 


18.2 


chapter 18 
SOME FURTHER PROPERTIES OF MATRICES 


Summary of properties developed 
Before going further we take the opportunity to restate those properties 
of matrices so far developed. 

Matrices have been defined, together with a law of combination, viz. 
multiplication (provided they are conformable for it) and under this 
operation they are associative. 

To each square matrix there corresponds a determinant; this may 
be considered as a mapping from the set of matrices on to the set of 
real numbers. If the determinant is zero, the matrix is said to be 
singular and has no inverse; if the determinant is non-zero, the matrix 
is non-singular and has a unique inverse. 

We now consider two other algebraic properties, which will be 
required in subsequent work. 


Inverse of a product 
If we have two square non-singular matrices A and B, we require to 
find a matrix C such that (AB)C = I (i.e. an inverse for AB). 
Remembering that under multiplication matrices are associative 
we may omit the brackets and write ABC = I. Then multiplying by 
A~'! which exists (uniquely) since A is non-singular: 
A ABC = A7'] = A™! 


<> IBC =A™’ 
«- BC = A“! 
<= ΒΒ = B“'!A7! (since B is non-singular) 
<> i= BA" 
<> C= BA +, 
We also see that C has the property that 
CAB =I 
for B-‘A~*AB = B7'IB 
= B-'B 
= ἢ, 
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Thus, since (B~'A~*) (AB) = (AB) (B~1A~*) =I, so that B74A7! 
is the inverse of AB. 

Geometrically, the following mapping diagram is self-explanatory and 
is left without comment: BA 
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(ΒΑΓ! = ΑΓΒ! 
EXERCISE 18a 
Reference to e.g. X~' in this exercise may be taken to imply X to be 


non-singular. 3 5 3) 
For the matrices A = an — write down A 
(1) For th A > 7 dB 3 2 d . 


and B~'. Evaluate AB and verify that (ΑΒ) = B~'A7}. 
(2) Prove that (ABC)~* = C7*B“*A™?. 
(3) The four matrices I, A, B, AB(= BA) form a group under multi- 
plication in which I is the identity and every element is its own inverse. 
Show that if T is any chosen member of this group, then the trans- 
formation X + TXT™' carried out over the whole group (i.e. by 
letting X be every member in turn) gives the same group again. 
If the reader has difficulty in doing this in the abstract, it is possible 

to consider the case in which A = [- ἢ and B =| ; ἐν ι 
(4) Show that any 3 x 3 non-singular matrix M can be expressed as the 
product LU of a lower and an upper triangular matrix, in which one 
of these has all its main diagonal elements unity. (See Choleski’s 
method: chapter 13.) Show that this opens up a method of finding 
Μ᾽, Comment on the form of L~! and U~?. 

: ax+b Ασχα 
(5) If T(x) = x where x’ = τι find’ the Gdndition’ for the inverse 
transformation to exist. If T,(x) = =~ Ἶ and Τι χ) = alg find the 
- p-x 


form of T,T, and its inverse. 
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18.3 Transposing matrices 
We have already remarked that the matrix 


ay b 4 Cy ay ζχ 3 
M=|a, δ, c,)isnotthesameas|b, 6b, 6; 
a3 b, C4 Cy Co Cy 
although their determinants are the same. The second matrix is said 
to be the transpose of the first, and is denoted by a prime. The second 
matrix would thus be written M’. 
There is no need for M to be square; e.g. 


3 2 
i¢M=|4 1] then M’ = (β Η 1 
0 3 . 


As before, the rows of M become the columns οἵ Μ΄. 

In the applications of matrices, we often need to transpose a product 
of matrices and find the result (AB)’—the reader should experiment 
with simple matrices, preferably non-square, to find the rule for 
himself. 

We suppose that A is m xz and B is n xp, and think of A as being 
made up of m row-vectors, Γ1. ἵν. «Ὁ ΓΤ» and B as being made up of 
p column-vectors, ¢;, ¢2,...€,. The element in the ith row and jth 
column of the product AB, is then the inner product of the vectors r; 
and ¢; Thus the element in the jth row and ith column of (AB)’ is 
also r;.¢, which equals ¢;.r;. But this comes from a matrix in which 
the c-vectors are rows, multiplied by a matrix in which the r-vectors 
are columns, i.e. Β΄ Α΄. 


Thus, (ΑΒ) = Β'Α΄. 


EXERCISE 180 


(1) For the two matrices A = ( : and B = & a evaluate 


A‘B’, B’A’, (AB)’, and (BA)’. Verify that (AB) = B’A’ and (BA)’ = A‘B’. 
(2) Show that whatever the shape of A, it is always possible to compute 
the products AA’ and A’A, Evaluate these products when 


ι ΡῚ 1] 
Aad? = Δ! 
1 ὁ 1 οὐ 
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and make an observation about the numbers in each of these matrices. 
Is this coincidence? | 


i 3 
(3) IFA =|2 —1]andB = (‘) verify that (AB)’ = Β' Α΄. 
Ι 4 


(4) Show that for any matrix (M’)’ = Μ. 
(5) Show that for the matrix M = (5 ἡ it is true that (M’)~* = 


(M~')’. Prove that ΧΜ =I<>M’X =I. By putting X = (M™')’ 
and showing that X = (Μ᾿ prove that (M’)~' = (M~')’ for any 
non-singular matrix. 

(6) Simplify (AB’C’y’. 


18.4 Symmetric and skew-symmetric matrices 


It sometimes happens (see exercise 18b, no. 2) that a matrix A may 
be equal to its own transpose, i.e. A = A’. If this is so the matrix is 
said to be symmetric; if, however, A = —A’, A is said to be skew- 
symmetric. 

Examples of symmetric and skew-symmetric matrices are: 


1-1 2 
A={-1 3 0] Symmetric 
2. eh o@ 
0 1-2 
and B=|-1 0O 3] Skew-symmetric. 
2-3 0 


A numerical matrix indicates its nature by inspection; but if we wish 
to test the symmetry of any abstract matrix M, we attempt formally to 
prove that M = M’. As a worked example we show that AA’ is 
always symmetric (and so is A’‘A). 

If we put AA’ = M, then we shall show that M = M’. We have 
already seen that, if M = AB, then M’ = B’A’. Putting B = A’ we 
have: 


= M as required. 


18.5 
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EXERCISE 18¢ 


(1) Show that if A and B are both symmetric, AB is not necessarily 
symmetric unless a certain algebraic condition is satisfied. What is this 
condition? 
(2) Given (i) a diagonal matrix D, i.e. all the terms off the main diagonal 
are zero, (ii) a square matrix P conformable for multiplication with D, 
and (iii) M = P’DP, prove that M is symmetric. 
(3) If A is a skew-symmetric matrix, prove that Αὖ is symmetric. 
What about A™? 

l 
(4) Ifl= " 


ΙΧ 
and x = | y show that I’x is symmetric. Is lx’? 
n Zz 


Area and volume properties of matrices 


We have seen that the determinant of a 2x2 matrix is the area of the 
parallelogram into which the unit square is mapped. 


{58 
ὦ, +d, 
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The area of the parallelogram is det M, = a,d,—6,c,, and this may 
be considered as an enlarging factor. Thought of in this way, it seems 
natural that when one matrix mapping M,, is followed by another, M,, 
then the enlargement factors det M, and det M, are multiplied. In 
fact, what we are saying is that, intuitively, 


det (M.M,) = det Μη ει M,. 


This is quite easy to verify when M, and M, are 2x2, but the 
verification when they are 3x3 makes it worth while looking for a 
different method of proof. 

We go on to establish a proof that det AB = det A det B, but before 
we start, the reader should work 18d to establish two necessary lemmas. 


18.6 
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EXERCISE 18d 


(Both these questions are lemmas for use in section 18.6.) 
(1) By considering 


1000 1200 a el pag 
| 0010 0100 fo 100 
E=lo 100) ἜΣ ὁ 0 1 0] ==lo 01 oF 
0001 0001 0001 


show that the inverse of an elementary matrix is itself elementary. 
(2) For each of the elementary matrices E in question 1, consider the 
product EM, where | 


Gq Oy δὲ ok 
a δὲ τᾶν δ 
ad; b; ¢3 ὦ; 
ag by og ἀ, 


and show that, in each case, det EM = det E det M. 


Determinant of a product 


We require to prove that det AB = det A det B, and we first assume 
that A is non-singular, When we calculated the inverse of A using 
row-operations, we used a method which showed that E,E,_,... 
E,E,A = I, where the matrices E are all elementary. But the inverse 
of an elementary matrix is itself elementary, so that if we write the 
inverse of E; as F;, we see that 


A = FFF, ee F,_1F,, 
and AB -_ FFF, eee ΗΝ... {Ε.Β. 


We now use the lemma, proved in exercise 18d, for 


ἘΞ det F, det F, det (Ε, see F,- iF,.B) 


= det F, det F,... det F, det B. 


But, det F, det F,...det F, = det A. 
Hence, det AB = det A det B when A is non-singular. 
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When A is singular this method of proof breaks down, for A can no 
longer be reduced to the form E,E,_,...E,E,A = 1. 

However, by using elementary matrices, we can reduce A to the 
matrix R, where R has the bottom row (at least) with only zeros, 

Hence E,E,_,...E,E,A =R, and A =F,F,F,...F,_,F,R. 

If we consider the product RB, we see by direct multiplication that, 
as the bottom row of R consists of zeros, the bottom row of RB will 
also consist of zeros, so that det RB = 0. 


Thus, det AB ΞΞΞ det (F,F,F; ees Ε,. FRB) 
— det F, det (FF, on F,,_ , F, RB) 
= det F, det F, det (F;...F,-,F,RB) 


det F, det F, ... det F, det (RB) 
= 0, 


I 


Now, since A is singular, det A = 0, thus: 
det AB = det A det B. 
Thus det AB = det A det B in all cases. 


EXERCISE 18e 


(1) Verify that det AB = det A det B when 


ἢ A= c Εἰ and Β = ὃ Ἵ 
(ii) A= Ι 4 and B = [ i): 


(2) Prove that the product of two non-singular matrices is non-singular. 
(3) Prove that det AB = det BA when A and B are square. Test the 
result when A is 2x3 and B is 3 x2 by taking particular cases. 

(4) Prove that det (A~*) = I/det A. 

(5) (The reader should study again the meaning of adj M.) Show that, 
if M is a 3x3 matrix, det (adj M) = m’, where det M = m. Prove 
also that adj (adj M) = mM. 

(6) Prove that, if A and B are square and AB is singular, then either 
A or B is singular (or both). 
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(7) The general 2x2 matrix M = ἃ 7) can be made to satisfy a 
number of conditions, expressible in terms of its elements. State these 
conditions in the following cases: 


(a) Ai =i. Express this also in geometrical terms. 

(6) B transforms the unit square into a figure of unit area. 

(c) C performs an overall linear magnification k while preserving all 
directions. 

(d) R effects a pure rotation. 

(e) H satisfies both conditions (@) and (6). 


.... 5 
ἣ) What does the matrix ΕΗ ΚΗ do 


to rectangle OACB, where a = (6). b= (3) c=a+b and 
Sole | 4/5 3/5 9 
chs ee ‘is 


(8) Show that 2x2 matrices with unit determinant form a group G 


Of which type is K = 


under multiplication. A subset of this group is the set (6 ‘): show 


that this is also a sub-group, illustrating your answer geometrically. 
Name two different types of sub-group of G. 
(9) Show that 


b*+c74+1 8 c*+1 b*+1 bte 
6.11 e+a'+1. a+b. cra 
b? +1 a+l a*+b?+1 a+b 
b+e c+a a+b 3 


is the square of a certain determinant, and hence obtain its value. 
(Cambridge Scholarship, adapted) 

(10) By writing the determinant 

So Sy δ. 


Sy δ. 5: 
SSS] 


where δὲ = a‘+b*+c*, as the product of two determinants, or other- 
wise, show that it is equal to (b—c)*(e—a)?(a—b)?. 


18.7 
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Find also the value of the determinant 


(Math. Tripos) 


Preservation of angle and of magnitude of vectors by a matrix mapping 


An important type of transformation is one for which the angle between 
any two vectors before transforming is the same as the angle after 
transforming. Since an enlargement has this effect trivially and we 
wish to look rather deeper, we will discuss only those matrices which 
preserve angle without enlargement. 

For 2x2 matrices operating upon vectors in a plane, it is clear that 
a rotation is an example of this type of transformation, but no clear 
picture emerges in three dimensions. 
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We suppose that the transforming matrix is M and try to establish 
what underlying property M has in order to perform such a mapping. 
Consider a 3 x 3 matrix M operating on two unit 3-vectors a and b, or 


ay by 
4 and | respectively. Suppose that Ma = « and Mb = f. 
a3 b 


The condition that no enlargement takes place, i.e. a and ἃ are both 
unit vectors, is expressed in vector language by taking the scalar 
product of a with itself, ie. ἃ. ἃ = 1. In matrix notation this is 


ay 
written 8.8 = (a,a243) | a2 | = (αἴ +a3+a3) = (I). 
(3 
The dash for the transpose might be said to take the place of the dot. 
Also we know that «’« = (1), for « is also a unit vector. 
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But since « = Ma, α΄ = a’M’, 


a's = a’M’Ma 
and we now have the condition that 
8 8 = a’M’Ma. ... condition (1) 


The second condition concerns angles, and we find the angle between 
a and b also by scalar product methods. Here, remembering that 
|a| and | b| are both unity, the angle 0 between a and b is given by 
a’b = |a||b| cos 0 = cos θ and we require that 0 is also the angle 
between « and β. 


Hence, α'β = a’b, 


and so a’M'Mb = a’b εὐ ν condition (2) 


Conditions (1) and (2) are clearly both satisfied if M’M = I, so that 
a matrix M, having this algebraic property, certainly does what we 
want geometrically. 

The proof that M'M = I is necessary (so far we have only shown it 
is sufficient) is left to the reader as an exercise—exercise 18f, (4). 

A matrix M with the property that M’M = Tis said to be orthogonal. 
We see immediately that M’ = M~', so that we have a very easy 
method of writing its inverse. Generally, finding an inverse can be 
laborious, so that to be able merely to transpose for the inverse makes 
it worth while algebraically to use orthogonal matrices whenever 
possible. 

Examples of orthogonal matrices are: 


(a) a 3/5 —4/5 
— ES 3|5} 
For this matrix A’ = ( we τ 
) 9/25+-16/25 —12/25+ 1225 | 
and A‘'A = pra 
Boe 16/25 + ΠῚ mits, 


That this matrix represents a rotation may easily be seen, for it is of 


the form 
cos 8 —sin @ 
sin@ cos @ 


which is itself orthogonal. 
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(b) 2/3 —1/3 —2/3 
B =[2/3 2/3 1/3}. 
1/3 —2/3 2/3 


The reader may easily verify that B’B = I, but it is no longer ap- 
parent what B represents. 


EXERCISE 18f 


(1) By finding the images of i and j write down the 2x2 matrix M 
which represents a reflection in the line y = x tana. Test this matrix 
for orthogonality. 
(2) Show that if the matrix M = : ᾿ is orthogonal, then the 
columns considered as vectors must be orthogonal. Does this also hold 
a, δι δι 
true for the matrix N=|a@, 6, c, | when N is orthogonal? 
as b, C3 


(3) If M is the matrix (5 _ 5) find the two values of 2 for which the 


2 —2/\y 
of these values of A, find the corresponding direction given by the vector 
x 


equation ( : oa = ἐρ has solutions in r =| ᾿ . For each 


and find a unit vector in that direction. Make up a matrix with 


these vectors as columns, and show that it is orthogonal. If this 


matrix is P = (;: l, ) show that M = PDP! where D is the 
Ay My 
ohne: « 
matrix 0 2] 


(4) To show that M’M =I is necessary to preserve angles without 
enlargement, consider the images of i, j, k and impose the condition 
that these images are mutually perpendicular. Show how this leads 
toM’M =L 

(5) If A~*BA is symmetric, and A is orthogonal, prove that B 18 
symmetric: can you make any deduction about B if A” “BA is skew- 
symmetric? 

(6) Prove that, if the matrix M is orthogonal, where 


ay b, Cy 
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then the columns of M considered as vectors form an orthogonal 
basis; 1.6, they form a basis in which every base-vector is a unit vector 
and orthogonal to every other base-vector, 


18.8 Addition of matrices 


Suppose we have two matrices, A = (; :) and B = [ 3 and 


we operate with each of these matrices on the vector r = We find 
J 


x 3x+ y x 2x—3y 
Al = | = | 
() = (ae) om (7) (9) 


If we now add these vectors, we see 


x {x\ _ (3x+ y\, [2x-3y\ [5χ--2ν 
(*)+B(3) (xt) )+( SA = fale 


We ask the question, is there a single mapping which gives this 


result? The answer clearly is yes, viz. (3 a 
In view of the construction of this matrix, we define it to be the 
matrix swum of A and B. 


ae πὸ 
wna De io es eR: 


A very simple generalisation leads us to define addition of matrices 
(provided they are the same size) by adding corresponding terms, e.g. 


(Ca) ἡ- (ὦ τὴ 
ο @ Ρ ΟΕΡ d+s/ 

Immediately the question arises, how does this operation fit into the 
pattern of multiplication that we have already? To show this, we 
prove the distributive rule, viz. A(B+C) = AB+ AC. 

To prove this, we suppose that the matrix A is made up of n row- 
vectors, 8), @2,...a,, and that B and C are each made up of n column- 
vectors, b,, b.,...b, and ς᾽, c,,...¢,. We consider the elements in 
the first row and first column of the matrices Α(Β- ΟἽ and AB+AC. 
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The result for A(B+C) will be a, .(b,+¢,) and for AB+AC will be 
a, .b,+a,.¢,. But these two expressions are equal (see chapter 7), 
and so these elements are equal. 
Similarly the elements in the ith row and jth column of A(B+C) and 
AB-+AC are respectively: 
a; . (b;+¢,) and a;. b;+a; . ¢;. 
These are clearly equal, establishing the distributive rule 


A(B+C) = AB+AC.t 


EXERCISE 18g 


(1) Show that vector addition is a special case of matrix addition. 
(2) Verify the distributive law, A(B+C) = AB+AC, when 


(ka Lyfe aa 
A=(2 ἢ and € = (4 } 


S ἃ @ 
(3) Show that the matrix A = 4 1 satisfies the matrix 
—2 —4 --ὶ 


equation A?—6A?+11A—6I = Z, where Z is the 3x3 zero matrix. 
Is it permissible to factorise this expression in the usual way to find 
three matrices whose product is the zero matrix? 

(4) Construct a proof for the right-handed distributive rule, viz. 
(A+B)C = AC+BC. 

(5) Prove that matrices under addition are commutative and associative. 
(6) Prove that (A+B)’ = A’+B’. 7 | 
(7) If A and B are symmetric, prove that AB—BA is skew-symmetric. 
What can you say about AB—BA if A and B are both skew-symmetric? 


>. 2 

symmetric matrix. Can this always be done for a square matrix? 
; ᾿ 

d—) 


and 2 for 4, prove that A7—3A+2I = Z where Z is the 2x2 zero 
matrix. Deduce that A~* = 4(3I—A). 


t Strictly the left-handed distributive rule, as opposed to (B+C)A = BA+CA. 


(8) Write the matrix ( >) as the sum of a symmetric and a skew- 


= 0 has roots 1 


(9) fA = (: : and the equation 


SOME FURTHER PROPERTIES OF MATRICES 185 


18.9 Subsets of 2x 2 matrices: scalar matrices: C-matrices 


We have already seen that a matrix of the form 


a=(5 ὦ) 


represents an enlargement. If we take another enlargement matrix 


we see immediately that 


» ἰατ:ὖὸῷὸ 0 _fab 0 
ase =(% ay) and ΑΒ = (4 A 


Furthermore, if a + 0, the matrix 


lja O 
0 tifa 


᾿ γ᾿ as the reader will easily verify. 


is the inverse of (5 


When we compare the properties of real numbers on the one hand 
with these enlargement matrices (sometimes called scalar matrices) on 
the other, we see that: 


For real numbers For scalar matrices 


(a)+(b) = (a+b) (5 ἡ ) =(45" ao 
axlfa =1 (5 τ "ἢ ie) x ( ) 
(ab)c = a(be) [Ὁ 3) ( Ν᾽ Ἑ ( ἢ (0 X) 
ab = ba ἵ μὲ ἰ ᾿ Ἂ [ : f ) 


and we could go on to show that for every property of the real number 
system there is a corresponding matrix result concerning scalar matrices. 
Such a state of affairs, that is, when two algebraic systems have the 
same structure, is called an isomorphism. We say that the set of real 
numbers 1s isomorphic to the set of scalar matrices al. 
We now try to make capital out of this isomorphism, for a scalar 


VMLE G 
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matrix of the form es a, involves not only an enlargement, but a 


rotation through 180° as well. In fact 


-:2}- ὁ OP [2 Os =P Οὐ [-1 6s? 
0-2) τὸ 2 0O-1/ ἃ O-1/\0 2} 
so we consider the matrix (7; fs) as typical of a negative scalar 


matrix. It represents a rotation through 180°, and corresponds to the 
number —1. 

Now, in the real number system, there is no number x with the 
property that x7 = —1 and there is clearly no member X of the set of 
scalar matrices with the property that X? = —T. 

But, since —I represents a rotation of 180°, there are matrices 
(though not scalar ones) which have the property X* = —I. One of 


these represents a rotation through 90°, viz. ᾿ a) and we see that 


(41 (at 0) “(0 -1) 


We call this matrix J, so that 


| and use them as a basis for a vector space of matrices; every matrix 
of this space will be of the form: 


| —b 
al+bJ = (; *) 


That this is a useful vector space we now demonstrate; in addition 
to the usual vector space structure we have a built-in multiplication 
rule. 
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Hs] tae 


δ: ol care) 


For: 


(al+bJ) (cl+dJ) 


bc+ad ac—bd} 
= (ac—bd)I+(ad+be)J. 


We see that any two matrices of this space have a built-in multipli- 
cation rule (the matrix rule), and the product of any two such matrices 
is also a matrix of this space. Note also it is the same result that we 
would get if we multiply out as usual, saying IJ = JI = J and P = 
—J* =I. 

We may also find inverses for 


-δὰ ἢ 1 a b 
weet εἰ =———. 
sini (; ἢ a+b ὦ :) 


a 
cgay 
P+ aah 


provided we may divide by a? +5”, i.e. a and ὃ are not both zero. 


EXERCISE 18h 


In this exercise, matrices of the type (; > are called C-matrices. 
(1) Show that there are C-matrices with the property X? = J. Inter- 
pret them geometrically. 

(2) Show that any C-matrix can be written in the form AR, where A is 
a scalar matrix and R is orthogonal. Can it also be written in the 
form RA? 

(3) Show that scalar matrices form a commutative group under 
addition, but only form a group (also commutative) under multiplica- 
tion if the zero matrix is omitted. Are these properties shared by the 
real number system? 

(4) Establish a left-hand distributive law for scalar matrices, i.e. 
A(B+(C) = AB+AC. Why is it unnecessary to establish also a right- 
hand distributive law? (This completes the isomorphism with the real 
number system.) 

(5) Which of the properties listed in questions 3 and 4 are established 
also for C-matrices? The reader should provide the proofs where 
necessary. 


18.10 
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(6) Having shown that the set of C-matrices, viz. {al+bJ: a and b 
real numbers}, has itself all the properties of a number system, it is 
left to the reader to show that it is in fact isomorphic with the system 
of complex numbers a+ bj.+ 

(7) The set of all square matrices of order n is mapped into the real 
numbers under the mapping M — det M. Discuss how the images of 
M,, M2, M,M, and M,M, are related. Is there any connection to be 
seen between failure to “divide by zero’ among real numbers on one 
hand and any similar type of failure among the matrices? What subset 
of the matrices maps into the number zero? 

(8) Set up tables for addition and for multiplication of the set of 
integers {0, 1, 2, 3, 4} modulo 5. Are both these tables commutative 
group tables? Prove any further property which is needed to establish 
this system as a field (see ref. 11 on p. 213), 


The algebra with matrices as elements 


In chapter 1 we carefully stated the minimum conditions for an algebra, 
and followed this up by laying down the foundations for the algebra 
of vectors. We now have the algebra of matrices, themselves a kind of 
super-vector, which have the property of being an operating mechanism 
on vectors. But this operation is important in application: the pure 
algebraist would say that he has another system, richer in properties 
than before. 

In section 6.6 we defined the algebraic system known as the vector 
space. We have already seen that all the definitions are satisfied when 
the elements are matrices (of a specific size). However, the vector 
space structure only deals with addition of matrices and multiplication 
by a scalar, and gives no account of matrix multiplication. 

The structure to which square matrices belong is called a linear 
algebra. For a linear algebra the elements have to form a vector space, 
with a multiplication defined which is distributive and associative. 
Clearly square matrices satisfy these conditions. 

Particular subsets of square matrices may have a rather stronger 
algebraic structure. For example, if we restrict attention to non- 
singular matrices we see that the conditions for a group under multipli- 
cation are satisfied, and the reader will see in the examples which 
follow that if we restrict even further we will find further ‘pockets’ of 
algebraic structure. 


t The algebraic term for a system with such properties is a field. 
+ We have seen, however, that there is nothing to prevent a further law of com- 
bination existing, as happened for the C-matrices in section 18.9. 
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EXERCISE 18i (Miscellaneous examples on matrices) 


(1) Prove that, when ἢ is a positive integer, 
cos@ —sin 0\" [(οοβϑ ηθ —sin nO 
ὃν 0 cos ) a ἣν πθ οοβ "0 

Interpret this result in the complex number system. 

(2) Write down 2 Χ 2 matrices which represent a general rotation, and 
a general reflection. Calling these matrices X and Y respectively, show 
that XY and YX are both reflections. 

Hence show geometrically that 2x2 orthogonal matrices form a 
group under multiplication. 

(3) Show that if A? = A, and A # I, then A is singular. Is the same 
true if A> = A? Give examples to illustrate your answer. 

(4) We have already seen that matrices of a particular size form a 
vector space. If we take the set of 2x2 matrices, what would be the 
dimension (defined in chapter 6) of this space? Suggest a basis. 

(5) Prove that (6 = ε , 

Interpret this result geometrically. Referring to exercise 186, ques- 
tion 7, which type of matrix are we dealing with? 

(6) A matrix E such that ἘΠ = E is called a ‘projection’. Give an 
example of such a matrix and show that E is a projection<>I—Eisa 
projection. 

(7) Look up the definition of equivalence. 

If A and B are matrices of the same size (mxn) and non-singular 
matrices P(mxm) and Q(nxn) can be found such that B = PAQ, 
show that non-singular matrices R and S can also be found so that 
A = RBS. 

Prove further that in the set of mx matrices, those which can be 
related to A and B in this way form an equivalence class. 

(8) Show that the inverse of a matrix may be found by performing 
elementary column operations instead of elementary row operations, 
but not by mixing the two. Why not? 

(9) Show that after a square matrix has been reduced to echelon form 
using row operations, it may always be further reduced using column 
operations to a form where the only non-zero elements are on the main 
diagonal, and these are unity. Explain why, with an example, column 
operations may be necessary at all. If this final matrix has r zeros on 
the main diagonal and is called I,, what is the matrix relationship 
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between it and the original matrix A? (Hint: Remember that an ele- 
mentary operation has a corresponding elementary matrix.) Show 
that this is an equivalence relation. 

(10) Before performing a matrix mapping T on a vector space, it is 
often convenient first to change the basis so that the matrix mapping 
now required (S) is simpler: a method of changing the basis is here 
considered. If the basis vectors of a three-space were originally 


ay \ | By γι a,\ [δὴ δι 
a2 | | Bz | and | 72 | and the new basis is | a, | | b, | and | c, |, 
a3] \Bs 73 a;| \b; C3 


show that if 
fa, by cy 1% δι ἢ 
a ὃ; 01] -( ΜΙα; Bz γλ 
a, ὃ3 C3 a; Bz 73 


M is non-singular. 

If any transformation matrix is T, and the matrix performing the 
same transformation but relative to the new basis is S, prove that 
T = M“‘SM. 

Show that matrices of the same size related as are S and T above 
form an equivalence class. 

(11) The quadratic equation ax*+bx-+c =0 may be written in the 


form 
« (4 0) τὸ 


What is the significance of the vanishing of the determinant? 
(12) Prove that, if a matrix P exists such that P~'AP =I, where 


1 Ὁ 0 
ΠΤ π|ῦ 1 | 
τ | Alm Ut 
then A? = A. 
(13) Investigate the matrix equations AX = B in each of the following 
cases: 


oa-( 3..-6 2 
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is ὠνή τὰ ἡ νον. 4 
ee oP NL 
ea dt th Σὰ 


(14) If a, b, c and d are all positive, prove that there is a positive value 
of ¢ such that the equations 


ax+by = tx, 
cx+dy = ty 
have solutions other than x = y = 0, and that there are solutions 
corresponding to this value of ¢ in which both x and y are positive. 
(Cambridge Scholarship) 


Harder Examples on Matrices 
(1) Consider the matrices 


x=(2 p)and ¥ = (5 :) 


where the elements of X and Y are themselves the matrices 


1 0 ἄρ" 0 0\ b οἷ 
0 1} 5 -ἰ δε 4} 55(} Ἵ 
2 Ὁ 0 0 z 6 _ (4 Ο 0 
ΤῊ 4 4) ο-ῷ 5) R = (7 9) 5 =( a 
Test whether the usual rule for matrix multiplication works, i.e. 
whether 


xy _(AP+BR AQ+BS 
~\CP+DR CQ+Ds/' 


(2) Consider the matrix 


where the numbers are to be combined according to the rules of 
arithmetic modulo 5. Show that the matrix is non-singular, and find 
its inverse. Consider the same problem modulo 6. 
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(3) It is given that the matrix 


i 2£~=3\ |] 
3-1 4-3 
cain ἢ. θὲ il .--} 
[| ae πὸ 


is singular. Calculate the values of each of the cofactors of the bottom 
row. 

Reduce the matrix to echelon form. Is there any relation between 
the two results? 
(4) If A is any 2x2 matrix show that any matrix which commutes 
with A is of the form AA+ I. For the particular case 


write A? and Α΄ in this form. 
(5) The (1-1) algebraic correspondence 


att'+bt+ct'+d=0 
: t —ct'—d 
may be written — = 


l αἰ δ΄ 
If we write this as 


τ ὦ 


= f—c -—d\ . 
does the ‘true matrix inverse’ of ( : 1 give us the inverse corres- 


pondence 


If we had another correspondence (7) = bing >) (7) would 


the usual matrix product work? What is the significance of the vanish- 

ing of the determinant? 

(6) For the central conic (i.e. conic with centre at the origin) 

ax* +2hxy+by* = 1, show that the gradient of the normal at any 
hX+bY 


point (X, Y) is aX bY’ If the normal at this point passes through the 
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α ἤἄλιχλ λ ed 
oe ae 2 ole Υ̓ 
where 2 is a scalar. 


Show how this line of thought may be developed to find the direc- 
tions of the axes of the conic 41x? —24xy+34y? = 1. 
(7) A drunkard is at the ‘Bull’ public house which is 14 miles from 
home. He starts to go home, but walks only 4 mile and then wonders 
where he is. His chance of going on for another 1 mile is the same as his 
chance of going back to the Bull. The same thing happens after each 
half mile walked, with the proviso that if he gets home he stays there, 
and if he gets back to the Bull he stays there. ty 

We can set up a vector corresponding to the probabilities of his 
being in any one of his stopping-places as follows: 


origin show that 


Probability of being at Bull Py 

Probability of being 4 mile from Bull | p2 where 
Probability of being 4 mile from home |p3] Pi+P2+P3st+P4 = 1, 
Probability of being home Pa 


(a) What is the corresponding vector at the next stage? . 

(b) Write down the matrix, M, which transforms the first vector into 
the second, whatever the values of p,;, p2, P3 and p4. 

(c) Calculate ΜΖ, Μ΄ and M® and verify that 


1 85/128 85/256 0 
0 1/256 0 0 
0 oO 1/256 ὺ] 
0 85/256 85/128 1 


(d) What is the probability vector p just before he makes his first 
decision? . 

(ὁ) Evaluate M®p and so find out the probabilities of his being in 
the various places after 8 decisions. 

(f) What do you think are his ultimate chances of getting home? 

(6) How is the question altered if the landlord of the Bull sends him 
home again? 
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(8) If ¢ is a function of x and y, and x = rcos θ and y = rsin θ so 
oe ᾧ may also be considered as a function of r and 0, then we know 
that 


Op _ Od Ox δῴ dy 
60 ὃχ 60° ὃν 0 
ὦ Op δῴδχ δῴ dy 


----- .- - -4ςς-.- π πόσα α-... -᾿ 


ér 6x ὃν ὃν ὃγ 


so that we may write, using the usual notation, 


(δ τα (3 αὐ $x 
, xX, Vr Py 
What is the value of the determinant of this 2x2 matrix in this 
instance? 
(9) If z is a function of x and y, the total differential is given by 
Oz Oz 
τὸ ax dx dy. 


This is reminiscent of the scalar product of two vectors 


dz 


and dxi+dyj. 


The first of these vectors is called grad z and the second dr. Then 
dz = grad z. dr. 

For the surface z = 3x*+2y?—2rx, find: 

(ἢ grad z at the point (2, 1, 10) 

(ii) an expression for dz at (2, 1, 10) 

(iii) the equation of the tangent plane at that point. 


ATF 
(10) Find the inverseof A=|1 3 0]. Use your answer to invert 
0-1 8 


24 -8 —]1 | 
B=|-23 8 _ 1}, proving any general result you use. 
=—— SC 


(11) By trying as solutions x = Ae, y = Be*, find permissible 
values of 2 and the corresponding ratios A:B, for the simultaneous 
equations 
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dx 
— =2x+4 
ree ae 
dy | 
— = 3x- 
ΠΥ 


and find the particular solution such that x = 4 when ¢ = Ὁ and 


y>Oast— οὐ. 


(12) Show that the 3-vectors which are mapped into the zero vector 


by the matrix 
3. 2.-} 


finite © O 


form a vector space in their own right. Find a basis for this space. 
(13) Show that all functions of t which form solutions of the differential 
equation 

d*x. αχ 

poling Neo = 6 

ΩΝ Talia 


form a vector space, and state a basis for this space. 
(14) Show that all 2x2 matrices form a vector space of dimension 4 
and suggest a simple form of basis for the space. An important sub- 
space of dimension 2 exists with I and J, = ; ᾿ , as basis: show 
that if the matrix B commutes with any two distinct members of this 
sub-space then (i) it does so with all, and (ii) it is itself a member of 
this sub-space. 
(15) Show that any 2x2 matrix M can be written in the form 
a+b c—d 
στὰ a-—b/’ 
mension 4 with I and three other orthogonal matrices X, Y, J as basis. 
Show that (i) X? = Y? = —J? =I, (ii) RS = —SR for any pair of 
Χ, ¥, J. 
Taking the special case in which a?—b?+c?—d? = 1, show that 
M~' is obtained by changing the signs of b, c, and d. 


and hence express it as a member of a space of di- 
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(16) By considering Σ᾽ (a,—5,)? as a function of 2, or otherwise, prove 
i=] 


that Σ a; Σ δ > ( a,b)?. Hence show that |a+b| < |a|+|b|. 
=| i= i=l] 


Interpret this result geometrically in space of 2 and 3 dimensions. 
(17) Show that the simultaneous equations 


ax+ y+ Z=p, 


X+ay+ z= 4, 

X+ ytaz=r 
have a unique solution if @ has neither the values —1 or 2. Show also 
that, if a = —2, there is no solution unless p, g and r satisfy a certain 


condition, and that there are then an infinite number of solutions. 
Discuss the solution of the equations when a = 1, 

Find the most general solution (if any) in the following cases: 
@Qa=3,p=q=r=1,(i)a=-2,p=q=r=1, (iii) a = —2, 
p=1,¢=-1,r=0,(iv)a =1,p=q=r=0. 

(Cambridge Scholarship) 
(18) Show that, if 2 = 3, it is possible to choose constants a, β and y, 
not all zero, such that 


a(11x—6y+2z)+ B(—6x + 10y —4z)+(2x—4y + 62) 
is identically equal to 
| A(ax+ By +yz). 
Obtain the ratios of «, 6 and y. Find all the other values of 4 for 
which it is possible to find constants α, β and γ, not all zero, with the 
above property. 


(Cambridge Scholarship) 
(19) f(x), g(x) and A(x) are functions of x satisfying the equations 


df 

rs = f+g+2h, 
εἶ 

ΞΕ = 2¢+2h, 


dh 
8 so f+ 8g + 24h. 


Show that f/—g is of the form Ae**, where A is a constant. 
Find all the solutions of the form 


f = fye™, 5. 5 ge, h= hoe, 
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where 4 is independent of x, giving the possible values of λ and the 
3 nding ratios of the constants fo, Zo, Mo- 
ἜΣ (Cambridge Scholarship) 


(20) In the system of equations 


—ny +mz = 4, 

nx —iz =), 
—mx ἘΝ = C, 
lx +my+nz =p, 


I, m,n, a, δ, c, p are given real numbers, and /, m, n are not all zero, 
Prove that a necessary and sufficient condition for the equations to 
have a solution is that 


la+mb+nc = 0, 


Ive the equations when this condition is satisfied. 
oo (Cambridge Scholarship) 


(21) The nine numbers ας; (i, j = 1, 2, 3) satisfy the equations 
ἀμαμ Ἑαμραιι +434); = δ (J Ξ5 1,2, 3), 


where δι; = O if i τὰ j but δι; = 1 {ΓῚ =j. Show that they also satisfy 
the equations 


Ay yj +z )42;+4303; = δ, GI=1, 2, 3). 


Prove also that @2€33—4 23432 = £4). πο ὕ 
(22) Given three real non-zero numbers a, ὃ and h, prove that the 
relations 

ax+hy = Ax, 
hx+by = dy 


can be satisfied by two distinct real values of A, and for each of these 
values of ὁ there exists a definite value of the ratio x/y. 

By considering 47+23, or otherwise, where 2, and 4, are the two 
values of A, prove that the numerical values of 2, and A, cannot exceed 
J@ +b? +2h’). | 

Is it possible for 2, or 2, to have this extreme value? 

(Cambridge Scholarship) 


198 
(23) If 


XyX2 TV V2 = Gy, X2X3+Y2V3 = Az, Χαχὶ +3), = a3, 
ty} = ξεν = xbty} by 
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prove that 
δ᾽ —(aj +43 +43)b+2a,a,a, = 0. 
Deduce that, if the 2n equations 
XyX2TViV2 = Ay, X2X3+Y2¥3 = αχ.... 

0+ + Xy—1XntVn— 1}, = In—1s XpXi + VeVi = Gy: 

and χῇ ἐγ = xj+y3 =... =x?+y? =b 
for the 2n unknowns X;,... X,, ¥y ... Κη are consistent, there must be 
an algebraic relation connecting b and ay, a>,... Ay. 


(Cambridge Scholarship) 


APPENDIX 


The Multiplication Rule for Matrices 


We start from the definition of a matrix as a way of conveniently 
representing a linear mapping of a vector space. 
xX 
Suppose that a linear mapping operating on the vector | maps it 
Zz 


“ 
into ; . We know that a relationship exists of the type 
4 


€ = 4xt+byy+e,z 

ἢ = αχχ- δ} γΣ 

ζ = a3x+b3y+032z. 
We are entitled to write the coefficients in a unified pattern 
αι b δ, 


a, bz cz], to denote this whole pattern by a single letter M if 
\a3 53 ὁ 
é x 
desired, and to denote the operation of mapping by ἢ = M Ε ᾿ 
Z| 
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In full, this would be 


ἔ a, by διλ}Χ 
ἢ] = | a, by C2)\y 
4 a, ὃ3 €3]\2 


and the right-hand side is therefore by definition equivalent to the 
column vector 


a,xt+b,yt+ez 
a,x+b,y+¢c2Z 
a,x+b3y+c3Z 
Similarly, 
Xx Pr 4ι M1\46 x ξ 
Y}=|p2 42 γ}{Π|ΟΥ] Υ] Ξ ΝΙη!. 
Ζ \P3 3 V3] \6 Ζ ¢ 


We sce immediately from the matrix representation that 


ἜΠΟΣ 


if 
and it remains to find out what the relation between πὶ 


\Z 


is in its linear equation form. 


χ 
and | y] 
Ζ 

Substituting from the linear equations, we have 
X = pyStauntryg 

= py(ayx+byy+ C42) +91 (Gax + bzy + C27) +1 (gx + gy Ὁ 032) 

= (ριαι +9442 +1 43)X+(p1by +9152 +11 Ρ3)» + ier +9162 Γ103) 
with similar expressions for Y and Z. 

Re-writing in matrix notation, we have 


x Py4,+41424+0 143 Pybytqybatrids Pier tdicatries | | * 
Y |=] poQy +422 +1243 P2by+Qobotr2bs P2eyt+2C2t12€3 | | Y |- 
.Ζ P30, Ἐ41α2 ἜΤ2α, Ρ5ρι 430, ἘΥ203 Ρ30ι ἜΠ30, ἜΤΟΣ 12 


But this is the same relation as 
ἢ 
Y 
Z 


ml 
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Hence 
Pr 41:1 Γι}, δι δὶ 
NM =| p2 92 Γ2} α, θχ 0 
P3 93 ΓᾺ[λαχ 53 Cc; 


PiQyt+Q4n+1\d3 Pyby+qyba+ryb3 pyc, +qyer+ryc3 

P24, +9242+1243  P2b,+G2b,.+12bs ρχοι +42¢2+12¢3 |, 

P34, +4342 +1343 P3by+q3b2+13b3  p3ey +932 ἜΓ ΟΣ 

and the product rule is proved in this instance. 

We may also deduce how to multiply a matrix by a scalar. For, if M 

x 

is the matrix used previously, v =| y| and k is a scalar multiplier, 
Ζ 

Μίζν) = k(My), as we have already proved that a matrix mapping is 

linear, and it is now natural to write this as (kKM)y, defining the matrix 

ΚΜ. But when we multiply out: 


Qa, by cy\ | kx 
ay b, Cz ky = 


a, b, 63: ΚΖ 


= 
— 


a,kx+ b,ky+ C,kz 
a,kx+ bjky + Cokz 
a3,kx+b,ky+ C3kz 


a,k+b,k+c,k\ |x 
2}. 
τὰ 


a,k+b,k+ck 


a, by δι ka, kb, ke, 
HencekKM =k}a, ὃ; ¢,|=|ka, kb, ke, |. 
as δ. C3 ka, kb, ke; 
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Exercise la 

(J) Yes, all the requirements are satisfied. 

(2) ({) Yes (ii) In general, no (iii) Yes. 

(3) (ἢ No, no closure. (ii) Yes (iii) Yes (iv) (a) Yes (6) No, not closed. : 

(4) () No, not defined for all possible pairs of points. (ii) No. Still fails if AB || / 
(iii) Yes (iv) Yes. 

We can test αἱ] cases, even (i) and (ii) when they work, to see whether they 

are commutative (C) and associative (A). Results are: 
(i) C, A (ii) C, A (iii) C, not A (iv) Not C, not A. 

(5) (ii) They are not the same. (iii) An®@ and AnA are both the set of all points in 
& and not in A, ie. (δ —A). Ang is ὦ. 

(6) () A (ii)@ (iii) A, A, € (iv) A, A, ὦ (οὐ @ (vi) A-B. 

(7) pv qis(a). pA qis(c). not-p A not-q is (δ). (p A φὴν r is (c). 


Exercise 1b 

(ἢ ForallA,AU@ =Aand@VA=A,A-@ =A but ὦ -Α Ξε α. 

(2) Unity; but not for division, since 1 +” + n. 

(3) An B cannot ever be equal to A or to B since it contains elements which are 
neither in A nor in Β. 

(4) It is true that AA(BAC) = (AA B)AC, associativity. 


Exercise 1c 
(J) Zero (i) 8 (ii) 6, which is the ‘opposite’ of 4; yes. 
(2) 6; zero has no inverse. 
(3) Unity. Inverse is reciprocal. 
(4) (a2) 1 = @ (6) Z = Y, i.e. each set is its own inverse. 
(6) Unity is the identity: 1 and 9 are inverses of themselves, 3 and 7 of each other. 
Associative, e.g. (37)x9 = 3x(79). 


(8) Closure Neutral Inverses Commute Associate 
(a) Vv v(-2) Vv V 
(ὁ) ν' ν (0) V (self) Vv x 
(c) x x , ν᾽ Χ 
(d) Vv ν 0) Χ Vv x 


(9) (ac)d τέ a(ed); (ab)d τέ a(bd) 
{(ab)c}d = a, (ab) (cd) = a, {a(be)}d = ὦ, a{(bc)d} = ὃ. 
<I> <2> <3> (0) 
(10) The table: <2> <3> <0> <1); and the expressions <1), <3>. 
<3> (0) <1> <2> 
(0) <1> <2) 3) 
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Exercise 2a 

(J) (a) 096°, 37-2 miles; (6) 37-0 miles east, 4-0 miles south. 
(2) N 37° W (or 323°), 24 miles. 

(3) N 49° E (or 049°), 4/7 = 2-6 m.p.h. 

(4) (a) 0564°, 86-5 miles; (δ) (72-1, 47°8). 


(5) 490 knots, 306° i 
(6) 184°, 464 τρῶν tolerances if drawn: +5 knots, +1 degree. 


Exercise 2b 
(/) Diagonals of a parallelogram.... 


0 -2-7 2:7 

(2)(O0});s=[ 2:1 );s8’ ={| -2-1 }; (a+b)+s’ = a+(d+s) = 90. 

Shen γα -ἰἢ) 

(4) Addition is not by components, e.g. £1 18s. 10d. +£1 5s. 3d. has the sum £3 4s. 1d, 
not £2 23s. 13d. 
Also, only a limited range of values of ‘components’ is here permissible. 


Exercise 3a 

(2) b-a, b+(-a), -a+b (3) #(-a+b) = #(-a) +b; 1 to 3. 

(4) Midpoint of AB, M say; midpoint of MC; point of trisection of MC nearer M, 
i.e. centroid of A ABC. 

(5) (i) - ἐς, —2a, —2a-c; (ii) 2a+2c, -2c, -a+e., 


Exercise 3b 

(2) (ὃ 1, 1 (ἐδ) 6,4 or -6, -- (iii) zero, ἢ (iv) -4, 2 (υἡ 2. 

(3) p-q = 2a+(-2)b; q-p = (-2)a+2b; p+q = 58 Ὁ ἔθ; 
#(p-q) = la+(-1)b; a = Yop +(-vo)q; b = (-%)p ἐξα. 

() @a=(7),@b-=( _3); ὦ 4D =b = BC; DC =a; BA = -α, 
CB = -b, AC = a+b, CA — -a-b; AE = 4a+4b = EC, 
BE = -4a+%b = ED. 


Exercise 3c (Answers to 1 decimal place and nearest degree) 
(J) As 3-vectors, components to 1 decimal place, 3rd direction being upwards: 


260 0 26:0 
(ju = is} (i) ¥ = (- 00) (Πα ἘΥ = ( ἢ of magnitude 
( 0 1-0 1-0/ ./702 = 26:5 knots. 
(2) 25 m.p.h.; 18-0 m.p.h. from N 56° E (or 056°); 48° on each side of south, 1.6. 
132° to 228°. 
(3) Like the wind in question 2, from slightly ahead. 


) οἱ ἡ. 3) ἀρ {500 1350 κ. 
9 ὦ ποκα $0) ( 30) ( =$0); a 1200/ \ 1000) \ 1000)" 


(5) Allowing for the butter and sugar, we have to make up the vector (90, 45, 230) 
from meat, bread, eggs. This requires almost all the bread, with say 60 of 
protein from meat and eggs. For vector (x, y, z) the calorie value is 
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5x +10y +z. In practice, some of the sugar in the above diet would be replaced 
by starch foods, 
(6) ἃ = 3a+4b; H(e+d) = fa+2b; 1 to 2. 


(7) eee 30 m.p.h. = 86 m.p.h. 


Exercise 4a 
(ἢ) (a) 5 (6) 54 (ὦ 34 (@) 0. (2) 2, 2. 
(3) (a) 5 (δὴ 54 (c) 34 (d)0. 
(4) (ii) λὶμ = 2:1; (iv) A = 0, μ any value; (ἢ) and (iii) independent. 
(7) -7, -7k; (a) Ὁ (6) 288 (c) 91. 
(8) (a), (7) have unique solutions; (c) inconsistent, 
(9) -6, 15. (10) A= +ilw=-S5;A= -I,p= -- 5. 
(11) (ἢ and (ii) = (x +A)a+(y+p)b = ο; x’a+y’b = c where x’, y’ is not the same 
pair of values as x, y; (i/) is false. 
(12) Valid: d= not-s; s > not-d. 
(13) p is d; q is not-s or p is s; q is noted. 


Exercise 4b 
(ἢ -7,5 (2) 9,2 (3) -1,5 (4) 4, -3. 
Exercise 4c 
(ἢ = 0-34, 0-62 (2) = 0-9, -0-1 (3) 0-3366,  0-6236; 
09024, -—0-09995, 
Exercise 5a 
(ἢ) (ἢ) -2, 1,4 (ii) 3, 0,1 (3) -4, -1, 54. 
Exercise 5b 


(/) 3, -2, 0. A = 83 if final step is γι = r,;+4$r,; but if r,’ = 3rs+8r, we get 
A = 249, 
In questions (4) to (9) the echelon forms are not unique, but all are satisfied by 
the following solutions: 


(4) 1, i (5) 1, -2,1 (6) -1, -5,1 

(7) -2,1,1 (8) 3, 2, 1 (9 -2,1, -1 

Exercise 6a 

(J) * (a) -1 (6) -2-a (c) Yes (d) Yes. 
“(α) (6) No (c) Yes (d) No. 


(2) Yes; 0, 5, 4, 3, 2, 1. 
(3) No; 1 is identity but 0, 2, 3, 4 have no inverses. 


Exercise 6b 
(J) -3:1:1. (3) 3, 3 (Select the second vector and any two others). 
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Exercise 6d 

(ἢ (a) No -ve x, l-many. (6) No |x|, | »| > 1, many-many. (c) All values, 
many-1 and 1-many (could be called many-many). (d) All values, many-many. 
(e) All values, 1-1. 

(2) (a) Only 0, +3, +4, +5; many-many. (6) Only p = +1, 4 = 0, many-l. 
(ὦ) Odd p only, 1-1. (d) p, all values; g only +1 and 0; many-1. (¢) All values, 
many-many (p = ᾳ: 1). (f) p = gq = 0 only; 1-1. 

(3) (a) (6) (c) All values, 1-1. (d) All values of a; only those of ὦ with modulus 0 
or 1; many-l. 


Exercise 7a 
(1) (a) 5 (6) 5 (ὦ 5 @5 () 13 (0 13 (g)1 Οἡ 3 (ἢ ν3 G)1. 


2a 0 a - ἢ a /f <a 
2 Dies given by each of ( 0 )( 20 ) ( a )( a )( -2)( -« ) 
0 0 4/2a 4/2a a/2a/ \4/2a 
or those with reversed signs. Lengths all 2a. 


(3) 1000e + 10004/3n +2000,/3u 
980e + 9804/3n +2000,/3u. 


(4) sin 5 = 9/665. (5) t. (7) Yes. 


Exercise 7b 
(ἢ -ξ, «ἢ, 33 ¥, 3, -ἰ; Ys, -ts, ti. 
(2) (a) If p or V4: (p, —Ps Pp) (p, Ps p) (p, Ρ. -») (p, -Ρ' —p). 
(6) fq = V3, r = V4: @ 0, r) (0, ᾳ, γ) 0, 4, -r) (g, 0, -r). 
(3) ραν 0, 0) BC(O, 1, 0) CD( --Ι, 0, τὰ ΠΑ, -1, 0) VA(-4, -4,VD 


0 (.-$3) G09) (Aaa ae 


(2.08) (06.3) 


24 32 9 4800 6400 1800 
(5) 41, (71. 51. ai) διὰ (Gr 11 41° 41 ar) 
(6) 13°; (4) {Ὡ| = 40,10 = 9; (6) 037° to nearest degree. 


Exercise 7c 
(ἢ cos 0 = ae 9:22. (2) 400 ft. 
(5) Mark sums are equal; ‘moduli’ 10,/174, 10/180. 
‘cos Φφ᾽ = nin τος 0-97 exaggerates closeness: better to take as origin the 
mean marks of the exam, making all values of ¢ possible for pairs of candidates. 
(7) Write a+b = p say, and proceed. 
(10) BH = p+h, CH = q+h, BC = p-q, (p+h).q = 0, and so on. 
(12) 44/5, ὖεν΄ 30, vev/6; ἐς. 
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Exercise 8a 


| -5 4 -5+¢5 
(ἢ x -( ) +1 ἢ ΟΓ ( 1} (-9, -1, 11) 
7 -4 7 -- ὃς 


(2) Q, (5, 6, --3); R, (- 2, 5/2, 4); t = 3,4, 5 = 912 
(3) (-5, 1, 7) (-3, 2, 5) (3, 5, -1) (-11/3, 5/3, 17/3); 3/7; AP:PB = 3:4. 


(5) Midpoint of BC. (7) (-1, 1, 1.) 
Exercise 8b 
(2) (4, — (3) 4x-y-3z = 7. 
ῳ ἔς" - ἘΞ ἘΞ (5) (2, 1,2). 
4/13 

(6) x. = 13 where - (1213); 4x, +12x,+3x, ὦ 169. aes τ 
(7) 4χ, +12x, = 169, χ, πὸ; (3/4/10, - 1 ν 1, 0); 3, 9, -- 40. 

i eh 
(8) -7, 1, 16; " 4+¢ 

si 


(9) +—- 7 7 ἘΠ a is “ἢ (all 8 combinations of signs), -- Ti 


Exercise 8c 
(J) (a) Not. (6) (8, 1, 2). (2) 3x, +4x2 +5x3 = 12; ax, +bx,+¢x3 = α ἐδ Ἐς, 
(3) (7, 8, 2). (4) (2/r, -3/r, -7/r) or reversed, where r = 4/62. 


(5) z-4 = (x-2)+(y-1). 


δ (Ὁ .- 


(7) 2x, -x,+2x,; = 9 orx. ( ἢ = 3; 2; opposite side. 


Exercise 8d 
() (ἢ 2) “72 al tan 
i= — Sf I. i/ ὦ. : 
ῥβαυ (2) ν' (3 + ; 
Exercise 86 
(ἢ /(R? =p*), Καὶ sin a, 


(2) (a cos f)i +(a sin t)j +Ak, etc. ΚΡ. = (-asin r)i+(a cos 1)]}, εἰς. 


(3) 1, +1,+1, > 1; 2\/2h, on ray with cosines 2/3, 2/3, —1/3. 
(4) x,? - x? -x;? = 0; x, = 1, x? -x3? = 1 (rect. hyperbola). 
(5) 3x,7 +4x;? = 4x,x, + 12x;. 
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Exercise 8f 


(J) (ἢ) cos (1/3), (i) cos~ τὴν (iii) 40/3. (2) x+2y -3, (3) χ-νῈ2 = -2, 
-Ἰ 
(4) ( 5+3s (5) tan-* (1/20), 1 mile. 
4+2s ! 
(8) Plane is 1 to axis of cone and meets it in circle, i.e. where it also meets a sphere. 
(9) Gi) Trajectory, parabola in x,Ox, plane. 
(ii) Spiral r = et, in plane x,Ox,. 
(iii) Curve on unit sphere spiralling towards pole (¢ = 7/2). 
(J0) Internally, in (2, -—1, 0); x -4y+3z-6 = 0. 
(ἢ x = -y = 2/2; 10x -8y-9z = 0. 
(13) 6x -7y -2z+12 = 0. 


(14) (6, 3, 2). (15) cos"? (+); 1~t, -1+104, 18¢. 


(16) (a) xty:z = 11:6:7. (δ) 2°2, 1-2, 1-4. 
(ὦ 6+11¢, 6f, 24+7¢. (d) Result (c), with ¢ = 2, ic, 28, 12, 16, 
(e) No solution. (f) -14+11t, -1+6f, -1+70. 
(17) (ἢ k= -%. 
(iii) Κα =4,k; = --ἰ kh, = 3 
p= af, +bf, +cht+df, 


= -εὸ- -2) αὶ - 3) - 4) +3 (x-D@-3)@-4) 


-ξα- 1) (x —2) (x - 4, + (x -)α-2 (x -- 3). 
(/8) (a) R does not satisfy the condition that pr, +qr, is to be a member of R for 
all real p, αὶ it is only true if p?+g? = 1. (c) It fails the second test, in general: 
it works only for multiples of a right angle, modulo 4. 
(19) (iv) Associativity does not hold. 


Exercise 9 
ω (2 4} Φ[ ἢ) @(6 3), (3 ae (ὦ ©), 
n(i 8), [ὁ 3) (3 2-3) ols § 
14 9 6 Ι 
οί. ἢ 1 3}... 3} 
Θ(ς ἀμ 4){1 2), {7 15} Yes 


8 7 6 
@@-, ον ( me an ( (iv) —, © — (i) ( 4 ) 
1 4 --Ἱϑ 


(5) 2Χ3,3Χ2:1Χ3,3Χ1;3Χ2,2Χ2; (ἢ π = p; (ii) mxq. 
10 14\ [5 16 
ΟΝ: 4} (3 14 ) Νο. 


οἱ" ἀλ (1 ἢ} 
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000 
(δ) ( 0 ο) 
0 0 0 


: eo ae ae ἃ 
ὦ ΟἿΣ 2\(1 2) @l-1 4 olfo 1 4). 

(3 s)(o i} ὦ “3-2 γε) ο 01 
(10) (px +qy +rz); yes; inner product. | 
(11) (? -4ax); a parabola. 


Exercise 10a 
(J) Mapping; many-one; not reversible. 
(2) Not a mapping unless x > 0; then one-one and reversible. 
(3) Mapping; many-one; not reversible. 
(4) Mapping; many-one; not reversible. 
(5) Mapping; many-one; not reversible. 
(6) Not a mapping; not everyone has a bank. 
(7) Mapping; many-one; not reversible. 
(8) Mapping; many-one; not reversible. 
(9) Not a mapping; if we restrict x so that -1 < x < 1 and consider principal 
values only, then it is one-one and reversible. 
(10) Not a mapping; if x > 0, a mapping; one-one: reversible, 


Exercise 10b 
(2) 2-2x; 1 -—x*; (1 —x)?; 0, 1; 2 -—2x?; 2 - 2x2: V. 


(3) i; i; fg; x > -1/x; fg = = gf; i f & fg 
: 4 δ 
ΒΕ ἴξ £ [ς 
 εῖῖϊ|Ι 


(4)01ὕχ + e-x; xt =eHogx, 


(5) 


(6) y* is the identity mapping. 
(7) ἡ = 4,m = 3. 


Exercise 11 
ῳ (*) + (* )si > 55 > ©; not linear. 
re ms (5), (ὦ), (g), (A) and (i) are linear. 
es. (4) No. 
(5) (2) +(*- mad yes, 


(6) x’ = ax+by 
y’ = ex+dy 
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Exercise 12a 


ΟἹ. “oh(o ὁ 


(6) These transformations are (not in order) a reflection, a rotation, 2 shears and - 


a stretch. ' 


Exercise 12b 


oleae) (ey 


(4) B-«. (5) Yes. 


ὠμὰ 
cos*a +sin’« |" 


000 0 0000 / 
(6) 300 0}, [0 0 00 
020 0 6 0 0 OF 
0010 020 0 
Exercise 13a 
(ἢ x, = X,/2 -- 5146; x, = X,/3 
iq -3 1-1 0 
(3) 3) ayia” sty 
Ϊ..1 1 
2 10 
(6) ω( 2 -Ἰ ἢ w(-: 5 ἣ 
3 10 -2 1 1 
Exercise 13b 


()x=-ly=4,2z = 3. 

(27) x =3,y «2.2 = 1, 

(3) (a) x - 5,» = 1,z = 0. 

6) (jx =2,y=2,z= -1. 
()x=—I,y=—I1,z=—1. 


(b)x = -5,y = -7,z = -16. 
()x=l,y =4,z=1. 
(d)x =1,y =4,z = 2. 


Exercise 14a 

(ἢ (a) -1, ὁ) -2, ( 0, @) 1. 

(2) (i) -15, 15; (ii) -- 67, 67; (iii) 3, -- 3; (iv) 21, 42; (υ) -7, -21. 
(4) (ἢ) -- 32; (ii) -7; (iii) 1; (iv) 48; (υ) 20; (vi) - 41. 

(6) (i) 9; Gi) 9; (ἡ) 9; (ie) 9; (0) 9; (wi) 9. 


Exercise 14b 
16 22 -24 
(Ht -ό 7 
Ὁ -3 3] 
32. ,9. -57 
(5){ -10 -3 19},0 
1 3-19 
34 -32 --28 
(6) } -17 16 14},0 
17 -16 -14 
(7) All zero 


Exercise 14c 
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(ἢ -8; -8; -4; -4. 


Exercise 14d 


Exercise 14e 


(ἢ) (6) 19 units. 


(2) 29 units, 

Exercise Ἢ 
o 1 6 

a(3 ἢ ) 


Exercise 15c 


ω @(§ ~7)@( 3 ~7)@(_6 52} 
ὦ @( 27 i} wx _} “ἢ ὦ -o (κ "2 


64; 50, (4) —159; 39. 
(6) (i) -36; (ii) -- 24; (tii) 54; (iv) 14; (υ) 30; (vi) 2. 


(2 i 8) 
0 100] 
k 01 


ω) Ἢ. Β. Ἢ (vi) no inverse. 


©) o7-be κί. 


(4) (ἢ (: -5 


Exercise 15d 
| 2-7790 
) | ~1-1164 
3-0433 
2) ( 03435 


Exercise 16a 
ΔΩ -2 3 
30 -13 
-22 17 

12 -4 

21] -9 
-δ 26 


(2) 


7) provided ad - -~be #0. 


-7 ἢ ( 10 ἣ ( 
2, (}} -3.-:Ξ0ΟΆᾷ(ᾧὗἿἍ 58], (iii) no inverse, (iv) 1} 3 -- 
-3 =7 2 19 1 - 


=11 
7 
0} 

8] 
6 


24 36 60 
24 72 -96), 
12 36 -24 
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Exercise 16b 
2-b —mb 
| 1 i -} (6) @ If m φε 1, χ πττ.» - Ὑπὸ 
(S| -2-5 11 | (ii) If m = 1, no solution if ὁ + 2. 
3 9 -18 a 
00 1 29 1 -5ὶ (iii) If m = 1,6 - 2, {ΠῸΠ χα =/, y = 2Ὁ!. 
(2)@){0 1 0) @A(-11 ὃ 22) (No inverse Case () Two non-parallel lines. 
1 00 -14 - 25 Case (ii) Two parallel lines not intersecting. 
10 0 0 -51 48 -- 45 Case (iii) Two coincident parallel lines. 
(d4)1/10;0 -1 4) (ὁ) Noinverse (f)1/180{ 38 -4 30). 
o 3 ἢ; F “24 12 0 Exercise 17d 
1 ne σ ieee | | 
(4) --------- ao l-o o vided oor -1. (1) Καὶ = 0, inconsistent; αὶ = -—4,x = (12 +35r)/7, »y = (77t-10)/7, z = 71. 
cL] | ¢ τῳ (2) oo ὋΣ (2)  - 7 or -10; (2, - 1), (-ἰ|1,1.Ψ 
cos 9cos ¢ cos @sin¢ sin 6 (3) x =4,y = -4,2 =$;x=0, y = (-5-39)/12, z = (33¢-1)/12. 
(5) Ὁ sin cos $ sin 9 βἰη $ -cos 8 (4)8 ()A=1,x=ty =(1 +508, z = (7ι-- 5}16. 
—sin ¢ cos ¢ 0 (6) x = 11,» = 10,z = 12; x = 144, y = t,z = 2+4; inconsistent. 
(7)6434;5=3). (8) Consistent when ὃ = 1;x =t,y =1+t,z = -1-31. 
Exercise 16c | (9) (a@+6+c) (a Ὁ 85 ἘΠῚ -bce-ca-—ab); x = (a? -be)/A; y = (03 -ca)/A; 
. 2 4 29 1 9 med z = (c? -- ab)/A; inconsistent. 
(ἢ (a) 4 6 -5 -13 (6) [3] -1 9 (){ -2 100] (0)x=ty = -t,2=0;x =t,y = -t,2 =0;x = τι» = -t,z = 2ι. 
-22 19 49 13 -1 3 1-2 1 
_f -39 -43 13 -30 22 14 ᾿ 
(2) (α) 1 8 20 -6 (6)4{ 22 ~16 -10) (ὦ No inverse. Exercise 18a 
-§ -6 2 -2 4 2 (1 ( ΠΗ a ἢ} "5 9 
-2 1IP\-3 SP\3l 2) 
| δ er at) ἢ 4-12 7 be & 0: (11) Ἐ{] =p), x(p +1) = (p - ἢ 
(3) οί 3 -3 ἢ (6){ -1 2 -1 (c)(O -3 2}, ae be #05 <(p-1)-( +p)’ x(p-1) -(p F1) 
-~3 6 3 0 =. 1 I -2 1] 
Exercise 18b | 
Exercise 17a (2) Both AA‘ and A’A are square, with symmetry about the diagonal. 
(ἢ A= 5; x; y:z = -1:1:1. (6) CBA’. 
(2) A=60r -1; x:y:z = 5: -2: -3 or 1:1: - 2, 
(3) IfA = -5, x:y:z = 0:1:2; otherwise all zero. | Exercise 18¢ 
(4) A = -3; 3, 7, 5. (3) Symmetric for m even and skew-symmetric for m odd. (4) Yes. 
(5) A = 1,2 0r3; x:y:z = -1:0:1 or —2:1:0 or 0:1: 1. | 
(6) A = 2, 1 or -1; x:y:z = 1:1:1 or 1:2:2 or 1:2:3. Exercise 18e 
(7) @p = 1,r =0;()ps-gr = t1;()p=s—k,q-r=0;@)p—s,q = - ῦ, 
Bean p?+q? =1;(e)p =1,r =0,5 = +1. K is typee. 
p=w. 4 136/25 0 - 36/25 4 4 
(9) > 27/23 (3) >( 43/23 } (3) >(3} 
Exercise 17c ; (9) (be +ca + ab). 
' 10) (6 -cP(c -- -bP(b + +b). 
(ἢ) x = (2+ab)(a+2), y = (ὁ -1)(a +2) unless a = -2; if a= -2 and b¥1 ESE OR NA TID FO et eT 
equations are inconsistent; if@ = -2andb =1,x =1-24,y <1. Exercise 18f 
(2) 3; a ¥ 2, inconsistent; a = 2,x = 1, y = 2+3t. cos 2 in 2a 
(3) x = (4a +3b)/(a? +3d), y = (4b -ab)/(a? +36) if a? + 3b 40; if a2 +36 <0 Os 5} 
anda =0,x = t, y = 4/3; ifa*+3b =Oanda =4,x =u,y = 41 -u)/3; (2) Yes. 
if a*+3b = 0 and a τ΄ 0 or 4, inconsistent, 12 l λ΄. 1 
(Ὁ) IfA=0,x=t,y =0;ifA =1,x =u,y =1-u. (3) 2, -8.{1} 2) εν 5[}} v3 ἢ) 


(5) ab-1 = 0; ifa τι 1 and δ = 1, x = 1, y = 1-4; otherwise inconsistent. (5) B is skew-symmetric. 
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Exercise 18g 
(3) Yes. (7) Skew-symmetric. 
1 4 0-1), 
ὦ) (4 2)+(275)s yes. 


Exercise 18h 
(2) Yes. (3) Yes. (7) Singular matrices. (8) Yes. 


Exercise 18i 
a -5ἰ 2 in 2 
2 απὸ ingle py 
(3) No. (4) 4. (5) (e). (9)1» = PAQ, where P and Q are non-singular, 
(11) Determinant corresponds to discriminant, 


(13) @/( 2) (ii) inconsistent, (ii) ( ee ἐδει } 


Harder Examples 
(ἢ) Works. (2 (3 3), singular. 


(3) All zero; bottom two lines have zeros. 

(4) 5A-I, 5I-A. 

(5) Yes; yes; transformation not (1 -- 1). 

(6) Direction numbers 3, 4; 4, -- 3. 

(7) (g) Chance of being home after 8 intervals is 175/256. 
(8) =r. 


(9) Direction numbers - 10, -- 4,1, dz = 100x + 4dy; z-10 = 10(x ~2)+4(y -- 1). 


(1D) x = 4ε y = —4e~H, 

(12) - 2. ἘΠῚ ΘΚ. 

(13) εἰ, 63: 

(17) (i) x = y = z = 1/5; (ii) Inconsistent; (iii) x = 1 τᾶ,» = t,z = -; 
(ie) x = t,y = u,z = 1-t-u, 

(18) 1:2:2; 6, 18. 

(19) 4, 1, 44; 4:4: -3; 0:2: -1; 4:4:5, 

(20) x = (pl-me +nb)/A, y = (pm -na-+Ic)/A, z = (pn -lb +ma)/A, where 
A =P +m? +n. 

(22) No. 
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